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FQREWORB 


The great achievements of science and technology in all its forms, which 
deeply influence tlie life of every human heing, have le4 to a wiaespread 
recognition of importance of mathematics. Everybody knows or at least 
believes that without the use of mathematical ‘tools these achievements 
could not have come about, As a consequence'mathematiCB has occii^ied an 
important place in the school curriculum. 

/• 

The Depariment of Education in Science anu Mathematics at National Institute 
of Education(NIE), New Delhi has launched several projects for teachers and 
students to impixive science and mathematics education in the country. One 
of such projects is Enrichment Training Course for Resource Persons in 
Mathematics for upper primary stage. The purpose of the course is to acquaint 
and equip the resource persons with neji thrust areas of mathematics who can 
then tram the teachers in their respective states. In this connection, a 
training course was organised both at national anu state level for the resource 
persons. 

The initial planning of the project was done by Dr. Surja Kumari of this 
Department. The lectures delivered by various teacher educators and content 
experts are compiled in the foim of a repftrh bo that the material can be 
used in future training programroes. I am thankful to Prof, J.N. Kapur, 

Dr. N. Puri, I^rof. iaha Rani Singal, Dr. S.P. Aiya, Dr, Sunder Lai, 

Dr. Hukum Singh, Dr. B. Deokinanoan ana Dr. Surja Kuman vfeo delivered the 
lectures and acquainted the participants with innovative mettiodiof mathematics 
teaching in the classroom.. Thanks are also due to participants <iio showed keen 
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interest in this teaching-leaming activity of the vorkshop. I appreciate 

the efforts of Br. Surja Kuman for coordinating the woik'-hr,' an; rim;:lir.£ 
the report. 

Suggestions for improvement are welcome. 


( B. Ganguly ) 

Professor & Head of the Beptt. i 
Dean(A.caaemic) 

Department of Education in Science and Mathematics 
National Council of Eaucational Research and Training 
Sri Aurohindo Marg ; Hew Delhi ~ IIOOI6. 
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LECTURE - 1 


1 . INTRODUCTION 

Vedic Maths system is most suitable for total 
development of human personality. Vedic Maths 
sustematically trains the mind to be alert and agile as we 
are always required to look for patterns. This helps in 
development of both halves of the brain whereas the 
present system trains only the left half). Further, 
multiple choices make Maths a playful subject. 

2 , REVISION 

The first Vedic sutra is Ekadhiken Purven 

( ). It means One more than the previous 

one. 

Let us make friends with numbers. 

4 

Ekadhika of 0 is 1 (one) 

Ekadhika of 1 is 2 (two) 

Ekadhika of 2 is 3 (three) 

Exadhika of 3 is 4 (four) 

Ekadhika of 4 is 5 (five) 

Ekadhika of 5 is 6 (six) 

Ekadhika of 6 is 1 (seven) 

Ekadhika of 7 is 8 (eight) 

Ekadhika of 8 is 9 (nine) 

« t 

3. BEST FRIEND 

We all have a best friend. 
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We like him very much 


We love him very much. 

We play wih our best friend. 

Similarly 

Every number has a best friend. 

Let us learn the names of the best friend. 


The 

best 

friend 

of 

1 is 9, 

The 

best 

friend 

of 

One is Nine. 

The 

best 

friend 

of 

2 is 8. 

The 

best 

friend 

of 

Two is Ei.ght. 

The 

best 

friend 

of 

3 is 7 . 

The 

best 

friend 

of 

Three is Seven. 

The 

best 

friend 

of 

4 is 6 . 

The 

best 

friend 

of 

Four is Six. 


And How Funny 

Best friend of 5 is 5. 

The best friend of Five :s Five. 

If Ram is best friend of Shyam. Always 
Shyam is best friend of Ram . 

Similarly 


Best 

friend 

of 

4 is 

6 . 

Best 

friend 

of 

Four 

is Six, and 

Best 

friend 

of 

6 is 

4 . 

Best 

friend 

of 

7 is 

3 . 

Best 

friend 

of 

Seven is Three, 

Best 

friend 

of 

8 is 

2 , 

Best 

friend 

of 

Eight is Two. 

Best 

friend 

of 

9 is 

1 . 
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Best friend of Nine is One. 

4. PURAK PROM TEN 

Each friend is called the Purak. ( ) 

(complement) of the other number. 

So Purak of 1 is 9. 

Purak of 2 is 8. 

Purak of 3 is 7. 

Purak of 4 is 6. 

• Purak of 5 is 5, 

Purak of 6 is 4. 

Purak of 7 is 3. 

Purak of 8 is 2. 

Purak of 9 is 1. 

5. ERANYUNENA BUTRA 

Now we shall learn another Vedic Sutra which is 
reverse of the first Vedic sutra. It reads Ekanyunena 
Pur\’ena ( ) No. 14. It means one less 

than the previous one .V?e have already seen that as the 
nuz±>ers are increasing from 1 to 9 by Ekadhiken Purvena, 
their Purak number is decreasing by Ekanyunena Purvena. 
NurJaers: 123456789 

987654321 

6. PROPERTY OP BEST FRIENDS 

We can use any digit or we can use best friend of any 
digit. 

Whenever we use the Purak (the best friend ), the best 
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friend comes with a cap on its head. 

The Pura)c is written with a bar on the digit and 
called Rekhank. 

So Purak of 1 is written as 9. 

Purak of 2 is written as 8. 

Purak of 3 is written as 7. 

Purak of 4 is written as 6. '• ‘ i i 

Purak of 5 is written as 5. 

Purak of 6 is written as 4. 

Purak of 7 is written as 3. 

Purak of 8 is written as 2. 

Purak of 9 is written as 1. 

The best friend behaves in opposite manner. When we 
add bar digit - Rekhank,it is subtracted. When we subtract 
bar digit -Rekhank it is added. 

7. PROPERTIES OF PURAK 

Purak of each number is written with a 
bar.A Rekhank (a digit with a bar) is a negative digit. 1 
is like one extra pencil with me which is a lean from my 
friend, which has to be given back. Similar is the case 
with 3, 4 etc. 

The best friend or purak of each dig.t behaves in 
opposite manner. When we add Re)thank - bar digit it is 
subtracted. When we subtract bar digit it is added. 

NOTE:- Very simple operations of bar digit should be 
slowl;, taught to the children step by step on the liFffes of 
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the given examples. 
Examples -I 


2 + 1 - 3 

But 2 + 1 = i 

2-1 =1 
2-1 =3 

4 + 3 = 1 

3 + 4 = 1 

5+3 =2 

5+5 = 0 

6 + 3 =3 


3 + 2 “5 

3 + 2 

4-3 =1 

4-3 =7 

7 + 2 =-9 

7 + 2 =5 

9 + 2 =7 

6+3 =9 

3 + 3 = 0 


NOTE:- Lot of problems like this may be given till the 
child clearly learns the operation of bar digits. The 
digits used should be small so that the result is a single 
digit. This initial practice shall be very useful for 
future working with Vinculum numbers, having both positive 
and negative digits. We teachers may ourselves need more 
practice of this simple concept which leads to lot of 
simplification and ease in later working of Kathematics. 
All positive digits should be larger. 


B. COMPARING NUMBERS 

Each number is Ekadhika of previous number. 
Therefore, each nurOier is one more than t^e previous one. 
Hence each number is greater than (>) all the numbers 
before it and lesser than all the number after it. 
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Ekadhika of 107 is 108. Therefore lOB is gtcatei than 


107 or 108 > 107. 


Further, 108 

is greater 

than all the previous 

numbers. Therefore 



108 > 103 

108 > 

98 

108 > 26 

108 > 

9 

And also 107 

is less than 

10« or 107 < 108. ‘ 

Further, 107 

< 109 

107 < 152 

107 

< 900 

etc. 


We know that 9 is the Brahman ank, the biggest digit. 


Therefore, the biggi-'st number of each class shall have 9 
at the unit place, 49 is the biggest number of forty and 
its class. 

99 IS the biggest number of ninety and its class. 
Ekadhika of 99 is 100. Therefore, 100 is greater lhan 
99 or 100 > 99. 


Also 

100 > 79 

100 

> 68 


100 > 9 

100 

> 16 

99 is 

less than 

100 or 99 

< 100. 

99 

< 111 

68 

< ICO. 


9. A.DDITION 08ING PURAK , 

Vedic Mathematics provides multiple choice fcr what 
ever we want to do. 

VM makes Maths a play. 

We all like to play. 

We smile when we play. 

Let us learn to smile. 
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We have learnt how to add numbers. 

Let us learn to add numbers using purak. 
s The best friend behaves in opposite way .‘'o while 
adding digits, when we use purak, it is subtracted. 

Whenever we use purak ve say Shudha and put a dot on 
the left hand side of the digit whore purak is used. 

In this Vedic method of addition we use the purak of 
the digits. The purak we know behaves in a opposite way 
(because of the bar). In actual working we can either use 
the purak digit and do the reverse operation (of addition 
or subtraction) or use the purak (with bar -Rekhank) which 
when added is subtracted or vice versa. 

Example 1:- Working s^'eps 

7 

9 7-1=6 OR 7+I=£ 

8 6-2=4 OR 6+2=4 

+ 

2 4 

We go on adding digits but as soon as we find that 
the addition of the next digit shall give a number greater 
than 9,we say shudha, put a dot on left hand side of digit 
and use its purak. The Purak digit is subtracted from the 
other number. 

Step 1: Adding 7 to 9 shall cross 9, say shudha, put a 
dot on the left of 9. Purak digit of 9 is 1, So 1' is 
subtracted from the other number 7, we get 7-1=6. 

Or purak of 9 is written ap ~1 which 
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when added to 7 gives us 7 + i « 6. \ s know when a bar 
digit (Rekhank) is added wo got the differonLO. 

^ep 2: Adding 6 to next digit 8 shall cross 9, say 

Bhudha, put a dot on the left of 8. Purak digit of 8 is 
2. So 2 is subtracted fro.*- 6, we got 6-2 = 4. So 4 is 
the resulting digit. 

Or parak of 8 is written as 2 which when added to 6 
gives ' s 6 + 2 = 4. However it shall be more convenient to 
go on subtracting the purak digic. This direct operation 
of bar digits shall be used later on. 

Step 3: At the tenth place, count the dots of shudha. Ke 

have 2, so 2 is the ten-n place digit . 

DISCUSSION 

Whatever we want to do in life, most of the times we 
have lot of choices in doing the same. Vedic Kaths system 
being the most natural way of working, also provides 
several choices at almost eveiy step. One of these is of 
course, the easiest. Therefore systematic and regular 
study and practice of Vedic Kaths trains us to be 
attentive and vigil-;rt, which naturally leads to an alert 
and agile mind. 

Example 2: 

3 6 

6 2 

• • 

+ 54 

15 2 
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step 1: 6 + 2 ■ 8; For adding 8 to 4 we obviously have 

two choices. 

Moving sequentially, we say shudha, put a dot on left 
of 4. Purak digit of 4 is 6 and 8-6-2. 

OR The puraX of 4 is 6 so 8 + 6 « 2. 

However, it shall be much more convenient, easy and 
simple to use the purak digit of the bigger digit 8 (which 
is 2) and get 4-2=2. Since we have used the purak of 
one of the digits we say Shudha and put a dot on left of 
the digit being added. 

NOTE; We can clearly see that while adding two digits it 
shall be convenient to use the purak of the bxgger digit. 
Step 2: 3 + 6 = 9; 9 is to be added to 5 (which has a 

dot above it) we can clearly see three alternative ways'of 
doing this. 

Most convenient shall be to take Ekadhika of 9 3 ust 
obtained (due to the presence of dot), 9 + 1 = 10, sav 
shudha, put a dot on the left and leave 1 at tenth place. 
Further 0 + 5 = 5. 

OR We could take the purak digit of 9 (which is 1) , 

say shudha, put a dot on left of 5 and 1-1 = 0 (the 
first one being the value of the dot above 5). Further, 0 

+ 5 = 5. 

OR As a roost inconvenient alternative we can take 

Ekadhika of 5 (since 5 has a dot above it), 5+1=6. Say 
shudha, put a dot on left of 5, purak digit of 6 is 4. 
Therefore 9-4 = 5 is the resulting digit (here again it 
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shall be slightly aore convenient to use the Purak of 
bigger digit 9 and thpn 6 - 1 » 5). 

Step 3: Move to hut Iredth place and on counting the 

number of dots of shudha, we get 1. 

Therefore 152 is the answer. 

We can see in step 2, the different alternatives 
provided by the Vedic Maths system. Further, it is 
important to note that initially even if we tail to select 
the most efficient sequence of steps, we shall still get 
the correct answer. 

DISCUSSION; 

The teachers are requested to carefully prepare lot 
ot practice problems till the children are very confident 
of the different alternative ways. It shall be a quite 
blissful experience to write a problem on the blackboard 
and invite the students to explain different alternative 
ways of solving the same problem, and then to ask the 
whole class to select the most convenient steps to be 
followed. This practice shall systematically train the 
young minds to think of several alternatives for handling 
any problem which in turn shall be very effective for the 
better overall mental growth. It shall also give the child 
a sense of achievement as she can independently give ^ 
another sequence for solving the problem. This naturally 
converts Maths into a playful subject which would 
frequently result in bubbling of joy and bliss in t.he 
Vedic Maths classes at all levels without exception. 

Vedic Maths system puts us on the path of infinite 
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possibilities. The process of learning the addition of 
numbers does not stop here. It rather opens up. As we 
practice we shall start looking for patterns of digits 
being added which shall further improve the working 
efficiency. Further two, three, four or even more digits 
can be added simultaneously. 


10. SUBTRACTION USINU PURAK 
Example 1: 

1 8 

« 

9 


0 9 


Step 1: (a) The lower digit 9 at the unit place is 

bigger, say shudha and put a dot on left of 9. 

(b) The purak of 9 is 1 which is added to the abo\e digit 
8 as purak behaves in opposite way. Therefore 8+1=9 is 
the resulting digit. 

Step 2: Move to t^nth place. Ke have a dot at the lower 

place which we know is equal to 1. This is equal to the 
above digit 1. Therefore 1-1=0. Hence 09 is the result. 
NOTE:- Subtraction using tar digits may be taught only 
after the child has nicely practiced the method of 
directly adding the purak digit to the above digit. 

Example 2 : ,, > 




4 5 

-2 7 


1 8 
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step 1; (a) The lower digit 7 is bigger, say shudha ^nd 
put a dot on left digit. Purak of 7 is 3, which is written 
as 3. 

“fb) Add the Purak to the above digit 5 . So 5 + 3 ** 8. 

OR 5 - 3 - 8 as we know that when we subtract a bar digit 
from a positive digit it is added. 

Step 2: Move to tenth place. Ekadhika of lower digit 2 

is 3 (since it has a dot above it). Further 4-3 = 1. 
Hence 18 is the answer. 

In similar way we can subtract even 3 digit numbers 
very coiiveiixeiiui-y a,iu uiiecciy. 

11. MULTIPLICATION 

Add three 5 times. 

3+3+3+3+3=15 

> Adding the same number cany times takes a long time. 
As an alternative we can also find the sura by multiplying 
3 with 5. 

3 X 5 = 15. We can do this quickly if we remember the 
multiplication table of 3. We can also write this in a 
column, 

5 Here ve are using the third Vedic sutra Urdhva 
X 3 Tiryagbhyara which means vertically and crosswise. 
In multiplying two single digits we use the first 

1 5 

- part of sutra and multiply vertically. 
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VIMCOLUM HUKBER8 


A number nay have both positive and nt'fja‘'ive digits. 

The bar digits are called Fekhank (Vinculum digits). 
In general, a number with both positive and negative 
digits is called a Vinculum number. 

We know that a digit with a bar (Rekhank) is negative 
digit and a digit without bar is a positive digit. Let us 
learn Vinculum numbers. 

Any number can be written in Vinculum form. Any 
number can be written in many forms. So in Vedic Maths we 
can play with numbers but each form shall always have the 
same value. 

Example : 8 = 10 - 2 = 12 

Eight 8, we can also write as 1 1 . Here, 1 at 
the tenth place has a value equal to 10 and 2 (Rekhank 2) 
at the unit place is a negative digit and has value equal 
to -2.Therefore 12= 10 - 2 = 8.The value of 1 2 is also 
equal to 8. But this is the second way of writing the 
digit 8. Further, we remember that purak digit of 8 is 2, 
purak is written as 2(Rekhank 2) and 8 = 12. Similarly, 
let us write each digit in second form using its purak. 


9 

= 10-1 

= 

1 

1 

8 

= 10-2 

s 

1 

2 

7 

= 10-3 


1 

3 


13. ADDITION OF VINCULUM NUMBERS 

Rules: 1 A positive digit added to a positive digit shall 
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result in addition of the two digits, 

2+3-5 

2. A positive digit added to a Rwkhank bar digit 
(negative digit) shall result in subtraction of the two 
digits. 

The sign of the result shall be the sane as that of 
the bigger digit. 

4 + 2“2 5 + 3 = 2 2 + 6= 4 

3 + 2 = 1 6 + 4 = 2 3 + 5= 2 

H re bigger digit is positive so result has no bar. 

3 + 4=1 

1 + 4 = 3 

2 + 3 = 1 
5+3 = 2 

4 + 1 = 3 

Here the bigger digit has a bar,is Re'hank, sc resul' 
also has a bar - is Rokhank. 

3. A Rekhank (bar digit) is abided to another Rekhank 
(bar digit) shall result in addition of the two digits. 

' And the result shall be Rekhank (with a bar). 

2 + 3 = 5 

1 + 2 = 3 

4 • 1 * as S * 

t T A J ^ 

14. MULTIPLYINQ TWO DIGIT NUMFER: 

(Without carrying) 

Let us learn the third Vedic sutra. It is 
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Urdhvatiryagbhyam. It means Vertically and CroEcswise. This 
Butra is used for multiplication. There are two steps of 
working. Since we are multiplying only by a single digit 
number, we shall use only the first part of the sutra. 

We multiply vertically and get the first part of the 
answer. Shift the lower digit on the left hand side, 
multiply vertically (simplify using Urdhva process) to get 
the second part of the answer. 


- Miltiply 2 3 by 2. 

Step 1; We multiply the unit digits 

vertically 

2x3-6 ones 

Put 6 in one's column. 

Step 2: Shift the lower digit 2 below 

and multiply vertically. 2 

X 2 

2x2=4 tens. - 

4 


T 0 

2 3 

X 2 

4 6 

the tenth digit 2 


Put 4 in the ten's column. 


Alternative Method: Vedic maths also provides us 
alternative methods of working. The Urdhva procedure of 
working which we have just learnt is most convenient when 
we are multiplying with a single digit nuirher. 

We may also like to learn the alternative method of 
working in which we shall use both parts of the Urdhva 
sutra. 

First step is based on first part of the sutra. The 
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first part says Urdhva, It means vertically. So we 
multiply the unit digits vertically. The second part of 
the Eutra has Tiry k which means crosswise. Here wc 
multiply the digits crosswise. 

Example; Multiply 23 by 2. 

Step 1; We multiply the unit digits 2 3 

vertically. x 2 

4 6 

OR 2x3 ~ 6 ones - 

Put 6 in one's column. 

Step 2; Second part of su* ra ctntaiis tiryak, which 
means crosswise. So we multiply crosswise. 

Multiply 2 tens by 2. 

2X2 * 4 tens 

Put 4 in ten's column. 

DISCUSSION; 


The lower single digit number is essentially a two 
digit nur±er with 0 on the left hand side. The complete 
working of the second step shall actually include two 
cross products and their addition. 

2 3 Step 2; Crosswise means 

XO 2 2X2 + Ox3 = 4 + 0 = 4 

Since we know that the contribution of t .e 

4 6 

_ second part of the cross product shall 

always be zero (as lower,single digit number shall always 

, »4 

have zero as the left digit) we need not tell this part 
to the child in the beginning. But it is important for us 
to know this. When the child has nicely practised the 

A 
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step 3: Shift the lower digit 3 below the next digit 

(hundredth digit) and multiply vertically. 

OR 3 X 2 « 6 

Put 6 in hundredth column. 

16. ADDITION AND SUBTRACTION OF MONEY 

The Vedic upsutra shudha shall be used in each case. 
The steps to be followed are exactly the same as already 
explained in addition and subtraction of ordinary numbers. 
Example 1: Add following paisa: 

1 3 paisa 

1 9 oaisa 

+5 4 paisa 

8 6 paisa 


Step 1: Unit place. For adding 3 to 9, we say shudha, 

put a dot on left of 9 (above 1). The purak of 9 is 1, so 
3+1=2. 

OR subtract the purak digit of 9 (which is 1) from 3, 3 
- 1 = 2; Further , 2+4=6. 

Step 2: 1+1+1 (due to dot) = 3, 

3+5 =8. 

Hence 86 paisa is the answer. 
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multiplication by one digit we can also explain the 
complete details. Further, details shall come in next 
Ankur. 


15. HULTIPLYING THREE DIGIT NUMBERS 
(Without carrying) 

Example 1: Multiply 231 by 3. 

We use the Urdhva sutra for multiplication. Since we 
are multiplying only by a single digit nuiriber. We can do 
this by using only the first part of the sutra. 

The first part of the sutra says' Urdhva, which means 
Vertically. 

The steps of working are simple and straight forward. 
We multiply vertically the unit digits and get the first 
part of the result. Shift the lower digit on the left hand 
side and multiply vertically the digits to get the second 
part of the result. Once again shift the lower digit below 
the third digit and multiply vertically, to get the third 
part of the result. 


1 

X 3 
3 


X 


3 

3 

9 


Step 1: Multiply the unit digits H T 
vertically. 3x1=3. Put 3 in 2 3 

one's column. x 

Step 2; Shift the lower digit 369 
on the left hand side (below the 
next digit 3) and multiply vertically. 

OR 3X3 = 9 


0 

1 

3 

3 


Put 9 in the ten's column. 
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Example 2: 


3 

7 

5 

rupees 

2 

9 paisa 

• 

+ 2 

m 

8 

7 

rupees 

3 

7 paisa 

6 

6 

2 

rupees 

6 

6 paisa 
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LECTURE -2 


1. INTRODUCTION 

In previous Ankurs we have studied the sinple Vedic 
Methods of solving Maths problems. We have also studied the 
unique Vinculum number system, ViYiculum approach' makes* It 
possible to write any single digit number in two alternative 
forms. Like 

8 = 10-2 =12 

4 =10-6 =16 

Therefore, we have complete freedom to use nurbers in any 
convenient form. So, we can freely play with nu-'.bers. We 
have already learnt simple operations of Vinculum numbers. 

2. SUBTRACTION OP VINCULUM NUMBERS 

Subtraction of vinculum numbers is an interesting topic 
to be learnt carefully and slowly. Vedic maths provides many 
choices. The subtraction of vinculum numbers can cost easily 
be learnt by coverting it to the problem of addition. The 
only rule to be remembered is that the sign of the digit 
being subtracted is changed and then added to the other 
digit. 

Now let UB learn the step by step process of 
subtraction of Vinculum numbers. 

Step 1; Change the sign of the number to be subtracted. 
Step 2: Add the two numbers digit by digit. ^ 

Case I: A bar digit to be subtracted from a positive 

digit. 


1 




2 


1 = 2 + 1 


3 


Step l: We change the sign of the nunber to be subtracted, 

here 1. 

since it has a bar, we remove the same and get 1. 

«* 

Step 2: Add the two numbers. 

So 2 + 1 = 3. 

4-2 = 4 + 2 = 6 ?5-3 = 5 + 3 = 8 
3-1 = 3 + 1 = 4 ;7-2 = 7 + 2 = 9 
3-3 =3+3=6 ;7-4=7+4=ll 

t 

Case II; A positive digit (without bar) to be subtracted 
from a bar digit. 

2-1= 2 + 1 =3 

Step 1: Change the sign of the nuriier to be subtracted, 

here 1. Since the digit is without bar so we put a bar and 
get 1. 

Step 2: Add the two numbers. 

Here 2+1=1 (by rule 2 of addition). Since both the 
digits are with bar, the result shall be the addition of the 
two digits and shall be with a bar. , 

Similarly 

l-2 = l + 2 = 3 ;1-3=T+3 = 4 

3-3 = 3 + 3 = 6 ;4-1=T+1»5 

5_4=5 + 4 = 9 ;7-4»7 + 4»»11 

Case III; A positive digit (without bar) to be subtracted 
from a positive digit. 

5-3 - S+ l - 2 
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step 1: Change the sign of the number to be subtracted, 

here 3. Since the digit is without a bar, so we put a bar 
and get 3. 

Step 2: Add the two numbers. 

So 5 + 3 = 2 (by rule 3(a)) since only one digit has a 

»’ I 

bar, we' take the difference.'" * 

Similarly, 

5- 4-5 + 4-1 ;7-5 = 7 + 5 =*2 

6- l = 6 + I= 5 ;8-7 = 8 + 7 = l 

9-6 = 9 + 6 = 3 ;9-9 = 9 + 9= 0 

Case IV: A bigge»- positive digit subtracted from a smaller 
positive digit (without bar) . 

3-4 = 3 + 4=1 

/Step 1: Change the sign of the digit to be subtracted, 

here 4. Since the digit is without bar, we put a bar and get 
4 . 

step 2: Add the two digits. 

3 + 4~ = r (by rule 3(b)) since only the bigger digit 
has a bar, we take the difference and the result shall be 
With bar. 
similarly, 


4 - 

5 

= 4 + 5 = 1 

It 

1 

5 + 

7 = 

2 

1 - 

6 

= 1+6 = 5 

H 

00 

n- 

7 + 

8 » 

1 

7 - 

9 

= 7 + 9 = 2 

; 7 - 7 « 

7 + 


0 

Case V: 


A bar digit 

(negative) 

to 

be 

subtracted from 


smaller bar digit. 

1-3-1+3-2 


3 

nc* 




step 1; 


Change the sign of the number to be subtracted, 


^here 3 , Since the digit has a bar, so we remove it and get 
3. 

i a 

Step 2: Add the two digits. 

Here 1 + 3 = 2 (by rule 3(a)). Since only one of the 
digits has a bar so the result shall be the difference of 
the two. Further, since the bigger digit is without bar, the 
result shall also be without bar. 

Similarly, 

2- 5 = 2 + 5 = 3 ;3-4 = 3+ 4 = l 

5-7 = 5 + 7 = 2 ,'1-2 = 1 + 2 = 1 

3- 8 = 3 + 8 = 5 ;6-6 = 6 + 6 = 0 

Case VI: A smaller bar digit to be subtracted from a bigger 

bar digit. 

2- l = 2 + l = I 

Step 1; Change the sign of the digit to be subtracted here 
1. Since the digit has a bar, so we remove it and get 1. 

Step 2; Add the two digits. 

So 2" + 1 = r (by rule 3(b)). since only one of the 
digits has a bar, so the result shall be the difference of 

the two. Further, as the bigger digit is with bar 

(negative), the result shall also have a bar. 

Similarly, 

3- Xa3 + l= 2 ;2-2»2 + 2»0 

5- 3*5 + 3»2 ;7-4»7 + 4 = 3 

6- 5a6 + 5*l ;9-6»9 + 6>«3 




DISCUSSION! (i) Many of us are very likely to feel that 
the operation of bar digits is very difficult and hence 
should not be introduced so early. But son^e idea of this 
should be given with very Carefully selected problems. 

(ii) Some weak children may find this little confusing and 

* 2 

we should not worry if they cannot solve all the problems. 
But it is important to give them the training of both 
positive and bar digits. 

(iii) This difficulty may be specially felt if ve are 
directly introducing Vedic Maths in class -III. The answer 
is to go slow. 

(iv) It is most important that only one rule should be 
taught on one day and lot of practice given till the 
children are confident about the same. Simple practice is 
the sure solution of all the difficulties faced. 

(v) It shall be useful to quote the feed back from A-erica. 
"Vedic Math is good. It takes a long tire for me to learn 
it, but once I figure it out it is easier" (A student very 
slow to learn math in the past. He says he has never enjoyed 
math). 

"It is a lot easier. It seems complicated at first, tut when 
you begin to catchon, it is a lot faster. It ismuch easier 
to compute bigger numbers. Vedic Math is a lot better". 

3. BIGGER VINCULUM NUMBERS 

We can convert bigger numbers into vinculum form. For 
converting any number to vinculum form we make use g,f first 
two sutras. 

98 » 100 - 02 » 102 
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1 0 2 is the vinculum form of number 98. Here, we know that 

1 at the hundredth place has a numerical value of 100 and 2 

at the unit place has a value of -2. 

— 1 1 

Therefore, 102 » 100 - 2 * 98. 

But, operating 102 is much more simpler easier and 
convenient than using 98. For converting bigger digits of 
any number to vinculum form we proceed as follows; 

Step 1: Identify the group/groups of digits to be 

converted to vinculum form and compute their purak 
(complement) using the second Vedic sutra, Nikhilan 
Navatascaramam Dasatah( ).A11 

from 9 last from 10. Purak of each digit is computed 'from S 
and purak of the last digit from 10. These purak digits are 
written with a bar as usual. 

Step 2: Further we use the first Vedic sutra. Ekadhikena 

Purvena ( )means One core than the 

previous One. We take Ekadhika of the digit just before the 
group of digits whose purak has been just obtained. 

Let us take a few examples. 

Example 1: 

18 8 

Step 1; We may like to convert the last two digits (88) 
into vinculum form. Invoking Nikhilaa sutra, we get the 
purak digits as 9 - 8 * 1 and last from ten , ^ 

10 - 8-2 


Step 2: Ekadhika of 1 (the previous digit) is I + l - 2. 




Therefore 

1 8 8 *■ 2 1 ? 

We can also understand this as ■ 

212 “ 200 - 10 - 2 = 188 

Example 2: 

8 9 =* 0 8 9 

Step 1: Puraks are 9-8=1 and 10 - 9 * 1 

*- *' 'r 4 r- ^ \ ^ ^ 

> . w ^ 

Therefore 89 = 111 

Note: The teachers are very strongly requested to give 

lot of practice In using bar digits. So that the children 
can handle them as freely as positive digits. Once the 
simple operational rules of bar digits are understood and 
well practised the entire computational effort in Vedic 
naths system is drastically cutdovn to their bare minimum 
essential level. This makes maths a playful subject and each 
sum is then a simple smiling task. 

4 . CHECK METHOD OF VINCULUM N0KBER8 
The Vedic sutra number 15 

(Gunitasamuccayah) gives us a complete checking system for 
most of arithmetic after adding subtracting, multiplying or 
converting to vinculum form we may like to check the 
correctness of our working. 

Let us learn the sim.pie steps of checking the Vinculum 
nuirijers. The procedure is simple. 

Step 1: We convert the number to a single digit. 

Step 2: We also convert the vinculum number into a single 
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digit. If the second digit is a negative digit, we normalize 
it by adding 9. 

3: Our conversion to vinculum form is correct then 

the digit obtained in Step (l) and (2) should be the same. 

^ * 

Example 1: 

4 6 9 = 5 3 1 

Step 1: 4 + 6 = 10, as soon as we get two digits, we again 

add the digits of result to get a single digit. Here, we add 
1 and 0 of 10, so 1 + 0 « 1. Further, 1 + 9 » 10, and once 
again 1 + 0 *= 1. Finally, by adding all the digits we have 
got 1. 

Mternatively,WG could also add from right to left. 9 + 

6 = 15, so 1 + 5 = 6. Further, 6 +4 = 10, so 1 + 0 = 1. We 
shall always get the same single digit whether we add from 
left to right or right to left. 

Step 2: Similarly, we add the digits of vinculum number. 

From left 5+3=2 , and 2+1=1 
or from right 1+3=4 and 4+5=1. 

Step 3: We have obtained the same digit 1 in step 1 and 

step 2. So our conversion is Okay. 

5. ADDITION AND SUBTRACTION 0? 4 OR 5 DIGIT NUMBERS 

The addition or subtraction of bigger digits can also 
[ be carried out very easily using the same Vedic upsutra 
Shudha. In actual working column by column the different 
alternatives shall be always available,any one of which can 
be used. (Refer Ankur 4). 




i. CHECKING OF ADDITION AND SUBTRACTION 
.j; The Vedic Sutra Gunlt Sanunuccayah can also be used for 
checking the sums of addition and subtraction. The steps to 
be followed are clmilar to those oT the Vedic check method 
of Vinculum numbers. 

Example 1: ChecX the sum 
1 B 3 3 

+ 3 3 4 +1 

5 17 4 4 

Step 1: 1+8=9, 9+3= 12 so 1+2=3. 

Step 2: 3+3=6, 6+4= 10, so 1+0=1. 

Step 3: 3+1=4 (Add digits of step 162) 

Step 4: 5+1=6, 6+7= 13, so 1+3=4 

Step 5: 4=4 (step 344) 

Hence result is Okay. 

7. CONVERSION TO ORDINARY FORM 

We have learnt how ve can convert the bigger digits of 
any number into vinculum form. For this task we use the 
first Ekadhiken sutra along with the second Nikhilam sutra. 
How can ve convert a Vinculum number into all positive digit 
number, For this conversion once again we use the Nikhilam 
sutra to get the purak of bar digits. Further, the digit 
just before the bar digits is reduced by 1 by using the 
Ekanyunena Purvena( ) sutra number 14 

which means ‘One less than the previous one'. 

Example 1: Convert 321. 

32 9 








step l: The group of last two digits has a bar, &o we 

compute their purak using Nikhllam sutra, all from nine last 
from ten. 

9-2-1, 10 - 1 B 9. 

Step 2: Further, using the Ekanyunena sutra, we lessen the 

• 

previous number 3byl. So3-1b 2. Therefore 
3 2 1 -279 

The result can again be checked by using the slmplt. 
Vedic check method. 

CHECK 

Step 1: 3+2 =1,1+1 =0 

Since we have got 0, so we add 9 and get 0+9-9. 

Step 2: 2 + 7 = 9 + 5 = 1^8 so 1 + e » 9. 

The dig;^s obtained in step 1 and 2 are equal so our 
result is Okay. 

8. CONVERSION INTO VINCULUM WITHOUT NIKHILAM 

We have learnt how to convert the given nuriber into 
vinculum form using Ekadhiken sutra alongwith Nikhilaa 
sutra. We can also get the bigger digits converted to 
vinculum form directly by using the sutra( ) 

Sankalana vyavakalanabhyaro which means by addition and 
subtraction. 

Example 1: Convert 9 to Vinculum form 

The Sankalana vyavnakalanabhyam sutra consists of two 
parts; 

By addition : So we add the number to itself. 


10 

aa 


Part 1; 




9 + 9 « 18 


•^Part 2: The second part of the sutra is by subtraction, so 

vre subtract number from the previous result without using 
shudha. 


1 8 

as 

8-9 = 1 

-0 9 


1-0 = 1 

1 1 

Therefore 

9 = 1 

Example 2: 

1 9 

1 7 


+ 19 

• 

+ 17 


3 8 

3 4 

Further, 

3 8 

3 4 


- 1 9 

-11 


2 I 

2 3 

9. URDHVA 

SUTRA 



Let us learn the third Vedic Sutra. It is 
(Urdhva-tiryagbhyam). It means vertically and cross-wise. 
This sutra can be used for multiplying any number with 
another number. In the previous Ankur we have already 
studied the use of Urdhva sutra for roultipllication by a 
single digit. Now we shall study the complete details of the 
Urdhva method of multiplicaion. Let us learn the method of 
simplification. 

Single column: 

If we have to simplify two digits in a single column we 
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multiply vertically. 





Example t 2 R » 2x3 « 6 

X 3 

am mm 
6 

I* '• *, 

K » * 

Two columns; 

If we have to simplify four digits in two columns we 
multiply cross-wise. 

Example: 21 R « (1 x 1) + (3 x 2) 

X 1 3 *1 + 6 

= 7 

Three columns: 

If we have to simplify six digits in 3 columns, we 
multiply the corner digits crosswise and the middle column 
digits vertically. The sura of the three products gives us 
the desired value. 


12 1 

R=lx3 + lx4 
4 13 +2X1 

= 3 + 4 + 2 = 9 

For multiplying two numbers ve use the 

following steps: 

Step 1; Simplify the first column 

Step 2: Simplify two columns 

Step 3: Leave the first column and simply the remaining 

1 { 5 * 

column 

Each step gives us three parts Of the answer. 


Example 1: 


PROCEDURE: 


12 

35 




Example 1; Multiply 12 x 13 


Th® answer shall have three 
parts. So we draw two slashes to 
mark three spaces. 

Step 1: Simplify the first column. We multiply vertically. 
2 X 3 » 6, and write this on the right side space. 


(1) 1 2 . . 

(2) 1 2 

• * 

(3) 1 2 

X 1 3 . . 

/ / 6 

X 1 3 

/5/6 

• • 

X 1 3 

1/5/6 


- 156 

Seep 2; Simplify two columns. We multiply cross wise and 
add. SO <1 X 3) + (1 X 2) » 3+2-5 

Write this in the middle space . 

Step 3; Leave the first column .We are left with only one 
column. Simplify the left single column vertically. 

1x1 =1. 

We write this in the left side space. 

Hence 156 is the answer. 

Example 2: Multiply 21 by 14 

2 1 2 1 2 1 
Xl4 Xl4 Xl4 

/ / 4 /9/4 2/9/4 » 294 

Step 1; Simplify first column vertically 4x1*4. 

Step 2: Simplify two columns crosswise. 

(2 X 4) + (1 X 1) “ 8 + 1*9 


1 2 
X 1 3 

A/ 

















step 3; Leave the first column simplify the left over 
single column vetically 2x1 » 2. 

Answer Is 294. 

Example 3; Multiply 22 x 13 

2 2 2 2 " 22 
X13 X13 Xl3 

/ / 6 / 8 /6 2/8/6 « 286 


10. MULTIPLICATION OP BAR DIGITS 

We have learnt the use of bar digits and also their 
addition and subtraction. We have seen the simplification 
provided by the use of bar digits in addition and 
subtraction. The use of vinculum numbers drastically reduces 
the computational effort in multiplication, division etc. 
Now let us learn the simple rules of multiplication of bar 
digits. 

Rule 1: If a positive digit is multiplied with another 

positive digit, the result is positive (without bar), 

2 X 3 - 6 

Rule 2; If a bar digit is multiplied with another bar 
digit, the product shall have no bar (the result shall ce a 
positive numJcer) . 

2x4 = 8; 3X4 = 12 

Rule 3: If only one of the digits has a bar, all the 

digits of the product shall be with bar (the result sliall be 
negative) 

2x3 “6; 4x3 =12 


37i4 










Example 1: 

(i) Multiply 1 X 2 = 2 as no digit has a bar.. So result 

is positive and has no bar. 

(ii 2 X 2 4 as only one (first) digit has a bar, so 


product shall be with bar. 

(iii) 3x2 - 6 as only one (here second) digit has a 

bar, the result shall be with bar. 

(iv) 4 X 5 “ 20 as both digits have a bar, the result shall 
be positive. 

(v) 0 X 3 = 0 as 0 multiplied with any number gives 0. 

Exercise : Multiply 


3x4 = 


2X1 = 


2x4 = 
1x6 = 
3x5- 
4X8 = 


2x3- 
7x2 — 
5x6 = 
7x3 = 


2X1X2 =- 

11. NIKHILAM MULTIPLICATION 

We have learnt the second Vedic sutra 
(Nikhilam Navatascarara Dastah) means all from nine last from 
Ten. Nikhilam method of multiplication can bo used for 
multiplying numbers with big digits. 

Example li Multiply 9x6. 

Step 1; Select nearest base. Here base is 10, Base is the 
number with left digit as 1 and all other digits as 
0.Therefore 10, 100 , 1000, 10000 etc. are different bases. 
















9-1 

6-4 


5 f 4 


Step 2 5 Compute the deviation of each numb_er from e 

’ ^ L 

base. Write the deviation with sign in front of the number 
as shown. We use Nikhilam sutra. Deviation of 9 is 1 (last 
from ten 10 - 9) . Since 9 is smaller than the base 10, we 
write this with the negative sign. Similarly,deviation of 6 
is 4. (10 - 6 = 4) .Which is the same as the purak of the 
last digit from 10. Since 6 is smaller than the base, we 
write the deviation with a negative sign. 


Step 3; Divide the result space by drawing a slash. 

The right hand side of the result is si-mply the 
multiplication of the two deviations. Therefore I 4 » 4. 
This is written on the right hand side of the slash. 

Step 4 5 The left hand side of the result is simply the 
addition of any number with the deviation of the second 

number. 

(i) Therefore 6+1=5 


or 

(ii) 9 + 4 > 5 


9-1 

6-4 

5 / 4 


54 


Tha resuUin, 5 la written on tn. left hand side. 
Hence 54 is the answer. 

Example : Multipy 8 x 5 . 

Step 1: Base is 10. 

Step 2: Compute the deviations. 

The puraks are 2 fc 


B - 2 
9-1 

7 / 2 « 72 


16 

3il 









step 3; Multiply the deviations 2 and 1 so 2 x 1 = 2 
(R.H.S.) 

Step 4: Cross add 8+1=7 pr 9+2=7 (L^H.S.)- 

Hence 72 is the result. 

12. VEDIC CHECK METHOD FOR MULTIPLICATION 

The Vedic sutra Gunit Sammuccaya can also be used for 

checking the product of multiplication of the numbers. 

Steps to be followed are to be similar to those of the 

Vedic Check method of addition and subtraction. 

E unple 1: Check the product. 18 + 11 =• 198. 

In Vedic system we multiply these two numbers eiter by 

using Urdhva method or Nikhilan method. 

Step 1: Convert the above number into a 18 

1 1 

single digit. Here 1+8=9. Write this - 

1/9/8 

in the upper sp?ce, - 

Step 2; Now convert the multiplier lower = 158 

number into a single digit. Here 1 + 1 = - 

9 

2. Write this in the lower space. 9 9 

9 

Step 3; (a) Multiply the single digits obtained in step 1 
and 2. So 9 X 2 “ 13. 

(b) Convert the obtained product into a single digit. So 
1 + 8 » 9. Write this in the right hand space. 

Step 4: Convert the result into a single digit. He.-ine 1 + 
9 = 10, sol + 0*-l, lf8 = 9. Write this on the left hand 
space. 
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step 5! The digits obtained in step 3 (b) and i ar® equal, 
(digit on right hand space « digit on left hand space). 
Here 9*9. Therefore the result has no random error. 

13. MULTIPLICATION TABLES 

We should remember number tables as their use greatly 
helps in computation work. Vedic Mathematics provides us a 
very simple and easy method of writing of the multiplication 
tables of any desired number. Vedic method is so quick that 
after a little practice if we have a race with a calculator 
Vedic maths shall always win the* race. So let us learn the 
simple method of writing multiplication table of any number. 
Example 1; Write the multiplication table of number 19. 

We convert the given number into Vinculum form. This we 
can do by using any of the two methods already learnt. 

. .arefore using Sankalana vyavakalanabhyam sutra by addition 
19+19 m 38 and by subtraction (no shudha) 

38-19 - 21 

Therefore 1 is the operator at the unit place which we 
shall use for computing the subsequent digits of the table 
at diferent levels. Similarly 2 is the operator at the 
tenth place and shall be used for computing the digits of 
different levels at the tenth place. 

The process of computing the digit at next level is 
very simple we add the operating digit to the digit at any 
level and get the digit at the next level. It shall be 
convenient to write the operating digits above the given 
number. 

Let us take the table of 19 as our first example. The 
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operator is -1 {l)for the unit place and +2 for the tenth 
place. 

(1) That means we write the number 19 and divide it into two 
parts (may be by drawing a vertical line in between the two 
digits). 

(ii) We apply the operator to the digit at the unit place 
(with appropriate sign - of course), In the present exarple 
we apply the operator -1 to the digit 9 (at the unit 

'"ft r*n*' ft — ^ 8 39 £50COnd 

level unit number, 8-1-7 as the third level digit, 7 - 
1 ■ 6 the fourth level, 6 - 1 * 5 as the fith level and so 
on, finally 1 - 3 - 0 at the tenth level. However, if required, 
the carry over can be easily done. 

This step gives us the digits of the unity column 1. 

2 ' 1 

(iii}Next we apply the operator of tne tenth 1 9 

place to the digit at the tenth 8 

place.Presently, we add +2 at every stage to ^ 

get the tenth place number at the next 8 

level. Therefore, we get 1 + 2 - 3 as 5 

the digit at the second level. * 

Similarly moving further, 3 t 2 »• 5 is 3 

the third level digit, 5 + 2 - 7 is the 2 

fourth level digit 7 + 2 » 9 the fifth 1 

level, 9 + 2 - U as the sixth level 0 

digit, U + 2 - 13 as the seventh level 
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digit and so on, 17 + 2 « 19 at the tenth 
level. 

Uatas 

1 , However it is not essential to stop at 
tenth level as the same operators can be • 
further applied for continuing to write the 
table upto hundredth level or even more if 

so desired. 

2. As soon as the operation of addition 
gives the value larger than 9, the unity at 

t' e tenth place of addition (which shall be -- 

level 2 1 

actually at the hundredth place of the final 

119 

number) we can leave in the addition process 2 38 

3 5 7 

and add only to the left over single 4 7 6 

5 9 5 

digit. 6 11 4 

7 13 3 

8 15 2 

9 17 1 

10 19 0 

14. VEDIC DHWAJANK METHOD OP DIVIBIOH 

Discussion: As we divide the digits at each place, we may 

be left with a remainder. In Vedic mathematics the 
subtraction will be done separately as rough work. Slowly 
with practice more and more work can be done menta lly 
without writing. We shall give practise in the same sequence 
and should encourage the child to do as much of rough work 
as possible only mentally. This practice s»hall help in the 
mental development of the child. However, initially she ray 
like to write every step. We repeat the multiplication table 
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of the digit by which we are dividing till we get a number 

which crosses the dividend number. Then go a step backward 

and select the previous level digit as the quotient digit. 

The remainder is obtained by subtraction and is prefixed 

slightly below the next digit of the dividend. 

Example 1: Divide 11 by 2. 

We arrange the divisor and dividend 2 /“iT 

as usual and repeat the multipli- -- 

5 : 1 : 

cation table of 2. We know that - 

Q R 

2 X 5 « 10 <11 and 2 x 6 - 12 > 11. 

Therefore 5 is the quotient digit. To get the remainder 
we snail subtract 10 from 11. Hence 11 - 10 » 1 Is the 
,ainder. So 5 is the quotient digit and 1 is the 
remainder. In Vedic maths the remainder is always written 
after the quotient with colon on both sides. 

Example 2: Divide 243 by 2. 

Step 1: Divide the hundred place 2/243 

digit 2 by 2. Therefore 2x1=2 so 00 

2 - 2 ■ 1 and we have remainder 121:1: 

as 2 - 2 “ 0. So we write 0 before 4, the tenth place 
digit. 

Step 2: The next dividend at tenth level is 04. Further 2 

X 2 « 4 and we divide 4 by 2 and get 4 - 2 - 2 as the 
quotient digit, and remainder as 4 - 4 ® 0 . Write 0 before 
3, the unit place digit. 

Step 3; The unit place dividend is 03. We can divide 1 
times as 2 X I » 2 <3. 
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and 2 X 2 » 4 > 3. ThereCore 1 is the quotient digit and 
remainder 3 - 2 » 1. 

Hence Q « 121 and R « 1. 

J5. fractions 

For adding two fractions, if the denominator is sane, 
we simply add the numerator and write it with denominator. 
This will give the required aidition of fractions. 

The Vedic method for adding fractions shall depend upon 
the pattrern of the problem. However, in every case the work 
involved is mucn lesser than the present unique approach. 
Fra ’tions with common denominqator; We simply add the 
numec a tors. 


Exoaiple 


(b) 


l; Add (a) 



3 2 

- + _ 
5 5 


3+2 


5 

4 + 3 


7 


5 

5 

7 

7 


* 1 


» 1 


4 3 4 + 3 7 


We use the upsutra Vilokanam which means just by 
glance. As soon as we find that the denominator of the given 
fraction is a common number ve simply add the numerator 
digits and simplify. 


Further details are presented in VM Ankur 4. 
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SUB SUTRAS OR CORDSLAKIES 


2 ^»TVTfS ^h=nTisr. 

1 ilTI'RTd'JTFc'iJpV’V^ 

A TC^f^ *^’**41 fj 

5 

6 

7 •sqTBt^ am^^if'q 
lEf 

H 

8 iFFqT?!^T^5?q 

9 jF^aTJrrsj 


I 0 7^ iTcrr^^ ' 

I 1 H't't?‘^■'-i i '■< -^“-( I’ij 
i 2 '{^vTY?^ 



! A 


S 5 
I 6 


Anurupyima 
Sisyalo Scsasa-rjnah 
Adyamadyerm’^S; j amanlynaa 
KovalaSh SaptaVam Gunyat 
Vcslanam 

Yavaduaacr, T^-LadaTiam 

Yavaduriam Te'k adudunS krtya 
Varganca YoJajet 

AntyayordasKOpl 

Aniyayurcv a 

So«nucca> ag_'^'tah 

Lopar.aslhor 

Vllokr.an 

Giiidlasa'*' “„a..ah 
Sainucc&jrdg jni Sah 

D^idiidwa 

ShudS’ta 

Dhwajakai' 
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vroic MATHEMATICS SUTRAS : 


!• By one more than the previous one 

2. AM frWTi rune & last from ten 

3. Vertically & Crosswise 

4. Transpose & Apply 

The summation is equal to zero 

6. If one IS in ratio, the other one is ^ero 

7. By addition and subtrartion 

«. By the completion and norKorr.pletion 

9. Sequential motion 

10. The deficiency 

I I. ^^hole as one A one as vihole 

12. Remainder by the last digit 

13. L'ltimate and tuice the pen.ni.jtc 

14. Bn onc' less than the presio c'.e 

15. The whole product is the s<±" e 

16. CollectiMty of multipliers 
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THE SIXTEEN SIJIRAS OF VFDlC MATUFVATILS 

ip 


1 

1. Ekadhlkena Purvena (also a corollary) 

'i -T^PR^ni ! 

2. Slkhllam Nava* iscaramam D-isalah 

3 

3. Urdhv j-ltryaBbhj,am 

4 TrrTTi 

4. Paravarlya lojayel 


5. Sunya-n Samyasam.ccaya 

6 1 JIT^T^ 1 IpPRTH 

6. (Anurupye) Sun^Tnanyal 

7 7rFn^'T<FFrni«in{ 

fl 'JT’T^rTTWTT^ 

7. San^rlona-vy j.aKalar.abIhyan 

(a:sQ a corollary) 

8- Purana/ ii‘dnaoE>am 

9 ^jr?R7=?r=nwjm 

9, Ca!ana-K.alar-‘Hhj,am 

1 (1 UTTfOI 

10, Y3\odinam 

1 1 

n. v>as’isamasilh 

;2 il^TTHT'^ tTF^ 

12. Scsarj inkena Caramc^a 

13 j-tTA-mr 

13, Sopanlyatlvaya-TiL^nlyam 

1 4 'TRJ^ 

14, Ekanyiuprsd Purvena 

15 jjitiirrq-gvtra: 

15. Guntlasamuccayah 

( 6 ^-rTrjrflTI ■ 

lo. C.unak j*5a!r.ucc.^yah 
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appm:ati ns :f mathematics at t:je ijppe-^ rPiPARY : -’/"X 

B y 

J.N.Ka^ur 

'*atiiematical IcleBces Trust Society, C-76b ’ew Frleads CoXoay 

N’e* 'elkl Hu 65 

■,'HY APPLICATIONS ? 

A stude&t learaa a subject best Ahea he or she is coaviaced 
that the subject ie iateresting, relevant and useful. This stateneat 
applies equally well to every topic ia his or her course. The teacher 
has to create the aeed for a topic to be learnt and then t ach the topic. 
In mathematics,we can have two types )f motivations viz: 

'1 Motivatlrin within Mathematics 

(11'' Motivation from outside mathematics 

Th. first motivation arises when a student uses the discovery 
appTviar'' and /.'hen he proceeds to recognise patterns in numbers and 
space. The student works on an open-ended problea^so that the solution 
of this problem autom-'ticaliy leads him to another open-ended problem 
and tne process continues. The student becomes an amateur ncf-carcher. 

A large number of problems of this type have been given in three volumes 
of my book I'Suggestei Experiments in School Matn-satics'. 

Alternatively tne motivation of learning mathematics can come from 
applications of mathematics in other school subjects, in every-day life 
and in science and technology. 

In any case we have to teach, not classical mathematics or new 
mathematics but we have to teach P^VAnT ' ATHj.MATICS,USEFUL MATHEMATICS, 

and above all MOTIVATED MATHEMATICS. 

He have not to tell the school student that the mathematics he 
learns now will be useful later in his study of science and technologyj 
we have to toll hi* that that the mathematic® Ahich he studia® la 
school la useful now. 




c 

Mathenatice has been described as a man-iaade universe i,B, It baa 
been created to serve the needs of oankind# In fact every topic in 
school mathematics was created for solving practical problems , In 
higher mathematics today, a great deal of research is being done 
for the sake of abstraction and generalisation and most of it has no 
immediate relevance for applications , though some of it Is likely to 
be found useful later. However school mathematics is hundred percent 
UBuful mathematics. History of mathematics can be a good guide for 
pedagogy in mathematics. 

The need for solving practical problems should r.otlvate the learning 
of mathematics, and the mathematics learnt should be used to demonstrate 
further applications of this mathematics and these applications should 
themselves create the need for learning more mathematics and this process 
should continue ad infinltum^so that mathematics appears as a man-made 
need-baaed human subject of the greatest importance to the child and 
the society, 

practical Problems or Internal Need of Mathematics! 

Motivate. [Learning of Mathematicsi 

Motivate. ^Possibility of Mere Applications) 

Motivate ^Learning of More Mathematics | • » » 

A teacher should see applications of mathematics all round him and he 
should Efuable his students to see applications of mathematics all 
round themselves. 

Examples o£ applications mm history qi hath^maiics 

In India^mathematics was created for making 'havan kunds* and 
'sacriflcal alters* and for making calculations about motions of 
planets for astrological and roligious purposes. In Babylonia^it was 
created for commercial transactions. In Egypt^it was created fer 
redistribution of land after floods in the Nile river# In Greece^ it was 
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created for its ekaer intellectual deligkt on the one hand ua4 for 

WdiiTS 

fighting on the other. Most of these applications require only present- 
day upper-primary-level mathematics. 

Let us c4nsider s*me examples of these applications; 

■^vamPLE 1» C onstructioa of altars This requires finding voxume of 
altars of different shapes and fiualng the number ^f bricks for constr¬ 
ucting these. This also requires all the formulae for areas and volumes 
studied in in tne nensuratlon course, 

EXAmP'E 2 binuing the radius of the Farth 

Erosthenes, tlnoit the first real scientist, solveu this problem 

f 

The principle is illustrated below: 

Lets,and be the angles between the vericals 
at k and R 'ie the xinea Joining A and B to the 
centreoof the eartn) and the airection of the " 


pole star (ie direction of the axis of the ear th} 



i v,- 


Then from figure I 


1 = r { B, 


r = 


I. 




•I'l 


Ot- 0, 


r . 1,'^'^ 

so that knowing 1, , 9 ^ » we can find r, the radiuflJSii—i^e earth. 

■■'''AHPIE 5 Finaing th*; height of a tower 


'rom Igure 2 
H = b 


or H = h 

a 


^ a 

e can easily measjqre a»h ana b, 
so that we can find H 

Wo do not need trigonometry. Wo need 
only properties of similar triangles 
E’-'AMPLE If Fia^nt_the distance of the ttoon 
la figure 3 measure angles 
Take the radius of the earth 

tobe 1 * 




.> 

u. 



rVf^ 




0 cam draw similar trlaaglos and astlaato the dlataaco of tbs »ooa. 





appmcati ns to oaily mfe 
example I COMPOUND INTEREST 

The developmeat of the formula 
A = P(1 + r/luO)“ 

provides motivation for the learning of -jlgebra, a teneraiisation of 

arithmetic. Its applicatiotis require the use of calculators. Thus let 

th@ amount of a savings certificate becomes double in 6 years Interest 
half-yearly '' 

being payable, #e have to find the rate of interest. Then 

20U = loO(l + r/2wu)’^ 

. 1/12 

or 1 + r/200 = 2 = I,u59i46 

or r = 11.892 

If the interest is payable quarterly, then we will get 

200 = 100(1 + r/liOO)^^ 

or 1 r /400 = = l,o 293 ^ 

r = n.72 

If the rate of interest is 12,^ ana the interest is payable quarterly 
then in 6 years j Rs 100 will become 

100(1 + 5/1^)^^ =5s2o3.2794 

All these calculations are almost impossible without calculators 
and these examples represent real-life problems, 

EXAMPLE 2 India's population today is 80 crores and is growing at the 
rate of 2,3 5^ per year, la how many years will it become double? 

.Vhat will be the population of India in the year 400O A,D? How much land 
area will bo available per person? If the population grows at the rats 
of 1 ^ per year what will bo tho population In the yoar 4OOO A.D.? 

If the population doubles la a years, then 
2 a (1,023)“ 

This requires the knowledge of logarithms and is beyond the upper 

primary ldvel,However the answer is 3 »f 48 y®«r® , 

This will enable us t© calculate the population approxlmatioft 
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1 


because in 201 u years there will h« .. , 

approximately such icub.isg 

periods so that the population would be 

Q>/x2. = 80 x 3 « 7 -il 0 ^ crareS f'riila ini4 i 

crore iud all calculations below 


The exact value will be 


-- V jtv ua iJtJiUW 

done with the help Df calculator) 


80x(1,o 23;^'^'^ - A,,y7y,,,19 

- oox^xiu crores 


The land area off India is 2.? million square k®, 

,16 


land available per person Is 

= 2.7x10^xl0^xlu^ . P.7.,,,16 

-Tq-^ aq cm = 

82x7x1 u'^xlO'^ 56x1 a ^ 


■ 2 yJ;+^ sq cm 


If the population grows lat the rate of 1^ per year, the population 
fill be 8Qx( 1.01)201^ = 80x48524 5261 cms 
and the area per person will be 

2,7xlu’^ 1 

4x1 ‘ T3 

Bven if we cut down the birth rateUo'r?, we shall have l/^fsq cm per 

persv-n in the year 40vy0 a.D.i He shall nave to reduce the growth rate to 
ziro percent if we have to survive in the world, 
of blood in the human body 


Suppose a person takes % gms of sugar and after a lew minutes 
the measure of sugar in a sample of 1. c c of blood is*! ga, then by 
the simple rule of three ,the volume of blood comes out to be 5000 cc 
or 5 liters, 

A. rsA. 

EXAKPLE 4 Surface. 2i §^1 ^ 

The air we breathe passes through tho trachea , which divides it inta 

main branches, the right and left bronchia, each of which dlvldos ints 
two ducts, each of which again divides into two more and this process of 
bifurcation continues 20-2£ times • Each of the terminal ducts has abov# 
3uu aveelar sacs at the ead. The diameter sf each s^fneach alveslar sac 

U 75-500 microns where a micron is equal to 10 meters* 

^ 20 2X 

The total number of ducts is between 2 and 2 
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2 "A 

H®1 2'^'^ » = (102435 'C- 

rkt t@tal nuifibar 0 f Juot* Is betteea @e® ailli@R aat le.vx' ailli®M 

mi the total number ®f alveolar is betweea 500 aillitaa aai milliaas 

'Taually the number is 4 et@a ts be 3 uG ailllsaa. 

average 

If we take the radius ef att alveolar sac as lOu micreBs, surface 

A 


area is i 

4 (1^^ aq meters o 12 xlu ^ sq meters 

sacs 

The total surface area ef all alveelar teuld thea be 

6-7 " 

300 x 10 xlU ' = 3^ sq meters 



sq meters 


It has beea estimated that the tetal surface area is about 70 sq meters 

The total surface are* ef the body of aa average adult huaas being is 

1,7 sq meters (how can you fiad this area? ), s© that if all alveolar sacs 

are ; . ' spread over the human body, they would cover the whole 

huaafl bod^ four tiaeoovar. If these are spread on the ground, they 

would cove'' a badminton court! 

SOME TOPICS 

MOTIVATIONS FOR LEARNINQ UPPEb t- RIHARY LEVEL H ATHr^HATICS 

7^) 

(1) Square root Find the length of the sides and the ,.erimeter of 

2 

a square whose area is given (b) solve the equation x s a (a> 'J) 
id solve the equation ax^ +bx t c = 0 

(11 )a!Find the length of the sides and perimeter and area af-the faces 


of a cube these volume is given, 

(b) solve the equation » a 

(c) solve the equation ax^+ bx^ +cx +d 

(ni)Fourth and higher roots (a) Finding the length of sides of bW#»- 


cubea whose hyper-volume is given (b) solving higher degree equations, 
(IV, ■ Geometry and Heneuratioi (a. Gtudylng prmpertias ef triangles, 
squares, rectangles, trapeziums, parallelcgrama, polygons, circles 
'b atrface areas sf fields, walls and houses, volumes of contalaers 
(e; study.ng symmetry of figures 
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ere.i 4 l_.'-'. at.hemat jca 'x, b- a nati .n*,. 
of cxrs in Fellji 1 aillilon ana gjinig up by K;i- ^er y- “ 'V- ".aa 

pollution caused oy them c tne problems of nations, certificates 
units, insurance, environment mataematlcs, space aathematics; *aere d® 
we btaud in relation to other ccuntrles? 

(vl' Statistics ; statistical representation - of data, in 

terms of hiatograas, charts, bar diagrams etc, !ei^.brate statistical 
day every year. 

MATHEMATICS A.S k TO^L OF I00i:\I KF.ASCMING 

On«>-of the objects of teaching nathematlcs should be to teach 
the students the nature of mathematical thinking. This includex 
axiomatic, logical and deductivf thinking, being precise, knowing the 
meaninj of if and only if, necessary and sufficient conditions, 
an’’"' ling what is given and what has to be proved, finding which vari- 
ablec have to be retained and which variables have to be eliminated, 
SUGGESTED READINGS 

- SUIGS'STE’ E'-'P^klHENTS IN S‘'::‘L M.ATir-yATICS (in three volumes) 

published by Arya Hook Depot .Delhi, This gives 
active innovative ideas for discovery and pattern recognition 
approaches (teaching and learning 

- INSIGHT INTO MATHEMTIC4L MCDSLMNG , INSA. This gives IwO applica¬ 
tions of school mathematics in surveying the earth and the heavens, 
ecology,human physiology,physics, economics, operations research et( 

- THE FASCINATING TOLD OF HATH HATICAL SCIENCES (in 8 volumes) 
Mathematical Sciences Trust Society, Volumes 2 and 3 of this givo 

fifty essays on the applicat-ona of mathematics 
‘ EXCl-LI.KNCE IN TEACHING,For all those who want to become better teacher 

- Mathematical Modelling, #iley Eastern, This fives luu applications 
of undergraduate mathematics 

- Matheaatioal Models is Biology and ^ediciao, AfflUsteA S&st l»«l 

Press ' . 





SOME ^UEbilOHS AS^ED AT Tat " ;ERT . /a j ^ ‘t- . , , ,«y ;SACMj:^S 

FROM PROF J.N, KAPUR AND HIS ANS#T '3 TO :P’-SE v^.L^'i^uNS 

#kat le a set? 

A set is a well-defined collection af nuabers i.e given ^iny objest, w® 
should be ab^e to say .<hether it belongs to the collection or not, Thu® 
we have a set ®f natural nusbera^but we do n@t have a set of good ' 
cricketers ^ because a good cricketer ' is net very well-defined, 

Ahy de we study sets in aatheaatics? 

Mathenatics cam be defined as a study of set® with structure® . study 
sets of natural numbers,integers,rational numbers, complex numbers, 
vectors, matrices etc and the structures are provided by commutative, 
associative, distributive laws etc, A® also study seta of points and 
lines in geometry and the axioms and theorems provide the structures 
there. 

But do we study these structures in school mathematics? 

To some extent, we do so,.hen we study various laws of algebra and var¬ 
ious theorems of geometry. Hewever we ao study the algabra of sets^ 

•vhere instead of addition and multiplication of numbers^we stuay union 
and intersection of sets. 

What is the structure in the sat of sets? 

This structure is provided by laws like the folxowing: 

AuAaA, ArtA*A 

A vj(BnC) = 'Av;B) A (AuC) 

4 A (B LiC'i a •'A fl B) u (An C 
■A UB)' = A' A B' 

(AnB)' a A'^ B> 

Gome of these laws are different from the laws of algebra of numbers, 
'.hat are the uses of study of sets? 

(1) It shows that we can have an algebra different frus aigobra of 
numbers e.f here we have 

A'JA a A but la algebra of numbers a * & li a 
A'KBnC) * lA vBj A'AvJ C).but ii algebra of number® 
a + (b * o) 1 ^ (a + b)x(a + «) 

(1i) It givea u« the algebra of logic, Afo may consider tha set of all 
true statements, then a statement 1® true if and only if It 
belongs t® this set* 

(111) It givoet^tho algebra ©f switches, A switch can bo opt-n or closed 
and switches can be combined either in parallel or Is series. 




'lY’ This gives the BOOLIAN algebra underlying computers 
’,fcy is the product of tm negative numbers a positive number? 

Since we need tho commutativei associative and distributive la«a to 
iold for all numbers, positive or negative. If the aletrlbutive law 
is to hold,then 

ax(b + c'f = axb + axe 
ao that ax(b + (-b)) = axb + ax(“b) 
but b + ^-b ^ 0 and axO = U ' ’ 

se that 0 = axb + ax(-b'i 
or axb = -I'aKsb)) 

or (-a'x(-b) = - ^ ’-a xb) , a ^ U, b ^ 0 

(-3)(-4) = - ( (-5)x4 ) 

= - ( (-3) + (-3) + (-3) + (-3) ) 

= - (-( 12 ) ) 

■ii 12 

Here we have used the fact that negative of a negative number is positive, 
^hat U 'Vedic Mathematics'? 

This is the name of a book written by Jagatgurum Shankaracharya 
Tirs*'’ unkar J1 Kaharaj. 

^hat does the book contain? 

It contains sixteen sutras giving high-speed methods of arithmetical 
calculations, 

, !:o these sutras always take less time than the usual methods? 

. No, Hot always; but wnere they are applicable, they lead to a consider¬ 
able saving of time, 

, Are these formulae given in the Vedas? 

. No.It was originally cxaimed that thes^ sutras were given in an appendix 
to Atherva-Veda, but there is absolutely no evidence for this. In fact 
some ef these formulae depend on post-Vedic mathematics ana mathematica 
developed as late as fifteenth and sixteenth centuries. S^amlji »ae an 
M.A in mathematics and knew all about this. However great mathematicians 
like AryabhatUand Bhaskaracharya did not talk about these and if these 
had occured in the Vedas, these mathematicians would have certainly 
discussed these. 

1. But it is said that all knowledge is contained in the Vedas and so 
Vedic mathematics must also be in the Vedas. 

U Why only Vedic mathesatissisccordin* te this, even mathematics yet to ho 
created must be in the VedaslAll fflath«matlC8,alX science and all techns- 
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l»gy are Vedic aad therefore no W'otl? aas a right to set® the title 
Vedic mathematics,' 

iVhat Is problem-solving in mathematics? thy i® it oeing given eo much 
importance? 

Problem-solving is the heart of raathematics. Kathematic® ia net computa¬ 
tion, Doing mathematics is thinking mathematically. The more importaat 
thing is to know the technique of solving non“routine problems,.tccording 
to Polya's schemfe , we have to decide about the fuliowing; 

- iVhat is given in the probles? 

-yVhat is to be proved in the problem? 

“ What ia the best path from what ia given to what has to be proved? 

- Have you solvea similar problems before? 

- Can you solve a simpler problem first? 
and so om. 

Can you illustrate '■>'? strategy'^ 

Consider the problem of finding the number of squares of all sizes on a 
chess bTard. A'e can try to count all of then, but this will take time 
and we can make mistakes. As such we try the simpler problem for 2xd 
and jfX''' squares, 

■le find the number of squares is and l^+£^+3^ respectively, .10 

that on a chess board we have 

l^+2^+3^+4^+5^>6^+7^+8^ = squares 
Can you give more problems of the same typo? 

(a^ Find the number of rectangles of all sizes oa a chess-board* 

vb) Find the number of squares on a luUxloO board, 

(c) Find the number of rectangles «a a IwUxlOo board, 

(d) Find thenumber of cubes of all sizes da a axaxm cubs. 

Can you give us sons references? 

7ou can read Polya's book oa "Hot to solvo It" and my book oa "Eajsymeat 
of mathematics for tho mlllloi^ published by Arya Bsok Depot* This 
coatalas fifty suck problefflS,My 4 volumes if "Fasclnatlaf Aorld sf 
Mathematical Sciences" and throe volumes sf Suggested Sxperlments la 
School tdathesuitlcs also coataia aaay Intorostlaf aad chslloaflai; frebleas 
Problems sot la olympiads are alss useful for this purpsss* 
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S:mSHI V?XJ‘A kKIk 
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rial-K^Mi Ccllecje HabuOjKam Ccwpt'*»Cj C kre»lF 

tirlU 

First of all, I would like to thank the organisers of this 
workshop for inviting Tie. Wlien V3, Surja Xiraari approached me, she 
said you have to speak on kinnher Systeins-but not the stuff given 
in the text-books, sonething new that they c- n enrich t'reir teachin;; 
with, something that would enthuse- that ’joull excite - that would 
activate the students. With that in lind, I would try to ;iv0 you 
some scattered ideas which you cm use in your clans-roo:a while 
developing your number systems "s you go ''long from closs to 
class VIII, 

Infact, number system forms the oasis of all :o.tr.e’;atic 3 . 

The branch of jathomatics which deals with the properties of 
numbers is called I’umber Theory. The Prince of llathema-icians 
Gauss once said 

'■''iSathematics is tiie queen of Sciences and the number tlieoiy 
is the queen of mathematics.^^The beauty of the theoiy lies in the 
fact that there are lots of unsolved famous problems w-iich can be 
easily explained to the students and they can easily understand 
these. I shall try to describe some of these problems and you 
would find'that these would surely generate a lot of interest 
in the students towards mathematics. It is vary important that 
the students are not scared away from mathematics right at an 
early stage. 
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AS yoa uhc) students already h, ve au iaea o:’ ..u^uers. 

They arc lUiai'i to !e ru bout nionuers ; ud oacr.tioiia o:‘ ait.ucrs 
ublJe they • rr. ; .Li ■ yo,md. What tncy are siot cai-ob^ d to is 
the w uty, t:o .nvoa, t.'.'e ve-y ..any \is.'r; o tuc nui.uoi' sys.fe^us. 

' ' **' dovolou'ia’.Ls ! .S'd oji {.itiLars tust 

i,c cr-oLtea .. oa s and his students. '2o fyUv oaoans, evory- 

tr. .n '.jas i.u i. a. ' u, ,o iin ^ they att; enod to nuiuaerc St,e;.i cltilUish 
to us bod'-y . Ji‘ .ho., o.io stood I’or re Sj , buoaus* it w.s l..rou.ia 
reason that one tioad i . twc at one consist-nt body of aoctriues, 

'i'w3 was i out'T' .1 'yth oiiinion since to every opinion there is an 
antioninion. iroo s ir'cntifled with i.;ari(infact o.d tmbero 
were ir*scul1ru', oven nunhers feaiinine) beinc the first masculine nuaber, 
four was justice sinao it is the first number which is tlie product 
of two equals, /j’ivG was identified with marripge being tne union 
of two (the first foninine number) and three, seven r'-preseiited 
health and ei -ht ivoresented friendsiiip or love. Tne four fondujuenf^l 
operations of ud.i-tlon, subtraction, multiplication and division 
evolved gr'-iuu; lly in ahn present form were referred to by I* vis 
Cqroll as ambition, di.-r.rr.f tion, uyliilc-tion nud nvilsion, By 
the we-, so f-r a .h, hii du contribution to the development of 
number sysLoi.o la cone med, we would lihe so me. ii i u idea 
of using zero yes conceived by the Hindus. It reached Europe tijrout,!i 
the .'r-'bs, the dec mal systffia of notation of numbers is duo 

to Hindus. 

The books 7, 0 .’’nd 9 of Euclid's 'Eloaents’ are devoted 
to number-theory, Ar you Imow, the 'ELementg' is tiie oldest Grtiek 
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treatise which Birair.riKcs the of ir’th r 1’ r " ' ‘ 

the time of Euclid. It is in the forr, of 13 boolu. Pto'c h''v' 
had so much fun fras nurbers. So uv. y boohr oa t. t i:‘( 1 
recreation deal with intent at’x/ y’* Irg i • sti. ; . :«<h 
nuiiherc. They not onty revc:'’ f'f • a f *-11 hr . . 

ocvclopDcnts in nir.brr tbeorv have o . f'- - ■o'' : v , ' f.. . 

Before I '’escribe sane of the f'rour. ' ■xai'"'’' !: of cl'r . "''j h'l.. ' 


theory, let me ci'^i'e you uctl.oar cf ccrrtru't.i./ ' 
order n.ILric sc larcc hare boca a for., of old a. :r 


c-rour rc r 


times, rnaylc squares of oriers 7^ C. ci va rt ' "S': o.>. 

vrith the seven asirslo'-lc'l :l'nctr s Saturn, rt..tr'. , 'i r: , Sit 


Venu^uercury and the boor.. K’nanu, t.’ s f:rtt r tc- 
vith his work on LOtic sourrer. 


Ih'turcl nuz jcrs can be clr or:'fJlc' in’. 


ww V- 


Odd, sicly even and co'toly eve:. I s ."11 tc?”' y' " rn'.e .0 
construct a macic s'/aure of any order n. Gfeourr-., ti ere ts a 
tnathematical theory behind the lailes and those inter: sted can 
refer to Rouse Ball’s book for details. There is a stcr:' that 
in the court of the Russian oucen Cithcrinc the yrea,, Euler 


’..as called upon to prove the ezisten^e of 'od. After ^:ritinr 
down long complicated matheaatical formulae v.iich had no meaning, 
Euler wrote in the end 'and hence the God exists' ,oincc no one 
present understood & bit, everyone agreed that the God exists. 

It is not that you ftceept- - s hould accept anything in ni.the:.: tics 
without understand ir.f the tiieory uMemeath, but so for as the 
three rules for constructing the magic squares afe ecs^cemed, 
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I m sure the stu'encs ¥OulS en.^oy ever, if tr;c: s3on t r-p r< . tf 
the theory behind, 

Saifi for £.Qn.stractlnr. a raaEic sou? re of orJc r n yhcr c 
n Is odd i 

Suppose n - 2 i3 + 1 . 

Start vith the nuiaber 1 and place it in the i iedlt cc„. 
of the top row, 

The successive numbers should now be plncec^lr. tiieir 
natural order in a diaconal line which slopes upvr. rds to the 
right, except that 

(a) When the top row is reached, the next nxnber is written 
in the bottcKi row as if it cane iur.eciiatcly above the 
top row ; 

(b) Wlien the right-hand colunn is reached, the next t. : her is 
written in the left-hand colunn as if it ivr'edictely 
succeeded the right-hand colunn ; 

(fi.) When a cell which has been filled up already or when the 
top right band square is reached, the path of the series 
drops to the row vertically below it and then continues 
to mount again, 

Mle Ion canstructijiR m rM 2l I asaMz jsm gXdfiX 

Suppose n is a number of the foim 4m. 

2 

First write the numbers from 1 to n in their natural 
order in rows of n. 

Cross the nirabers by the dirgonals of every coaponent blocb 
of 4^ cells. 
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Il 0 ¥, replace the nualers in these diagcml cells bj their 
coapleiaents. 





























Me for conotnictlnc nsEic souaroj of a sin']y-e\’en orJen 

1^1111* iwm mu 111^11 g<(^m^»n>in>iii»ii«iii'miiii»ii ’iwiimw pi* 4 fcin^irit nii^ i m i "n i ptb i ifa 4 i n i 4 i i<» , i ni iiite»J ii iii wi » iMp u pm^^ n ^pf 

Suppose n = 2(2i+1), Divide the square in to 
four equal quarters A, B, C, D, in the order 
as stiom. 


fl 

1 


B 


Let u = s . Then u is odd. 

In A, construct a uagic squares vith 
nunbers 1 ton, Then, construct nacic squares In B, C and B vith 
nuBbers lL^+1 to 21^, 2li^+1 to 3|^+1 to U^. 


liow, in the Diddle rov of A, take the d cells next but one 

( 

to the left-hand side, in each of the other ro«s take the a-cells 
nearest to the left-hand side and interchange the nusbers in these 
cells vith the nuDbors in the corresponding cells in B, 
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Kext, Intcrc'VhfA the nw-bere ir. the cfl.ic in ©• rl. of tic 
&1-1 colurin© next to the rii:ht hand side of C v.lth the riunl-orc In 
the corresponding colls E, 

Froblcriis in Friae Kuraber Theory 

You are already faniUer with prine nur.bers. Let us recall 
tlmt a natural nunber p ^ 1 is said to be a prine nur.hcr if its 
only divisors ore +t;ioi3i, I ohM |i . 

For Instance, as you can chech , first 10 prices are 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29. 

1 is not considered to be a prime, 

A tbtural number p "> 1 is said to Ic a c oirino site nutijer if 
it has divisors other than 1, p. 

For instance, 6, 27, 35 are coeposite. 

Every natural number preater than 1 is either prime or 
composite, 

Let Us also recall the folloving important theorem which 
you have already learnt : 

The fundamental theorem of Arithmetic (also known as 
the unique factorization theorem )t 

Every natural nueber greater than 1 can be expressed uniquely 
as a product of powers of prinse numbers. 

In view of the above theorffia, the primo numbers become very 
important, as it reduces the properties of numt^r® the properties 
of prime numbers. 

Several problems were raised in connection with primes. Cne 
of-the isajor questions aohod was 

ilow sany prlees are ther. 7 
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Oiie of the first £ip;ific:.r5t contril/atioj. to the loc.r 
of priffle nuir.bers caitse froa E'aclic who nnsvfcrtJ the nhooc or<'E'ti'3n 
by provine that the nunber of prines was infinite. *110 prt f 
appeared as proposition 20 in booh IX of Euclid's 'Elements', 

The proof is remarkable because of its sir.pliclty. It is a 
beautiful illustration of excellence in Kathess'tics. GJl. Early 
writes about this theorem, 

'It is a 'simple* theorem, both In idea and in execution, 
but there is no doubt a-j^all about its beinc a theorem of the highest 
class. It is as fresh and significant as when it was discovered - 
two thousand years have not written a wrinkle on it.' 

Let us describe the proof as given by Euclid. 

» 

Suppose the set of primes 2, 3, 5j •• • • > ^ fin-'te 

set. 


Form the number 

m “ (2.3»5* «»•••» ^ 1 • 


The number m must be either prime or cuwpjsine. If m is 
prime, we have nothing to prove since in that case m is a prime 
not in the given set (it being greater than any of them). If m 
is composite, let q be one of its prime factors (this is guaranteed 
by the Fundamental theorra of Arithmetic), Now, 


q^ [ 2 , 3, 5, ...... , Pj, 3 because there is always 

a remainder of 1 when a is divided by each of these. Therefore 
the given set does not contain all the prines and so our supposition 
is wrong and the primes arc not finite in nwber. 

ton my life® to tow that in 1837, mrichlet proved that 


ss 
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every s'^t of nui.,'t‘c;’s of the fon r:. + l, w / r' e M.d I r re 

relatively prime, contelrie en ihrirJ.tt nirler of primer, lau:', 

for instance, the set of integerc of the fora 3n + 1 (3 a:.; art 
relatively pritae, that is, they have no corr-on divisor other ttian J ), 

^at is, the set ^1, 4, 7, 10, 13.J contcinc ir.fi'-itcly 

many primes. Similarly, the set |^6n +5 ! n CfnJ “f/j 11 1 17 1 h3.,, 

contains infinitely manj'' primes. 

In an attempt to find a simple algebraic forrnla that vill 

produce only prime numbers, Fermat conj.ectrrcd that 2 + 1 (==Fq) 

was a prime for all positive integers n. F‘s are l:no’.n: as I'erriat + 

n 

primes. For n = 1, 2, 3j 4, we get respectively the primes 5, 17, 

257 and 65537. Bat Euler (1732) shoved that for n = 5 ,2*^+1 = 
4294967297 is = 641 z 6700417 and so not a prime numrer. Infact 

on 

it has not been proved that 2*^ + 1 Is a pri’ic for any value of n 
greater than 4. It is not a sim le ratter to verify it even fur 
small values of n. For example, even for n = 7, 2 + 1 is gr'vter 
than 34 followed by 37 seroes. 

F 's which. are not prime j (in order of disoovery date) are 
n 

^^2('^877), F^(1878), F^(1880), F^^(1886), F^, F.,g, F^8(1903), 
F^(190;), ^ 73 ( 1906 ), F8(190‘^), F^^(1925), 

Kn is the smallest whose character Is not hnown. There are at 

1 / 

least 35 F's which have been proved to be composite. &e largest 
is which has a factor 5 . 2 ^^^^+ 1 which has 587 dibits. 

There are some formulae which give prime)upto e cetaln 
point. For instance, n^- n+ 4l is prime for eH n <;4l. Lihevise, 
n^- 79 n + I 60 I is prime for all n <,80. M no formula tea yet been 
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est:::bllshed which would give a prio:e for all values of n, 

Wilson’s heautlful coaplotely general theoraaj If a 
then (n - 1) 1 + 1 is a multiple of n if and only if n is priae* 
There are several oth'^r questions concerning prises, For 
example, how many pairs of primes differ by 1, how many differ 

pfi'Yiit 4uiilS' 

by 2 (p^ in f p^r fi), or by 3, or by K etc. Soce of these are easy 
to answer. For instance, 2 and 3 are the only priaes differcing 
by 1, 2 and 5 are the only primes differing by 3. There are no 
primes differing by 7. But there remain several unsolved problems 
conc-'^rhing primes. 


Another question concerning primes that is ashed is 'how 
far apart are different primes ?' 

In this connection, one might lihe to note that none of the 
following 999 consecutive natural numbers is prime : 


lOCOl + 2 , 1000 I + 3 , 

• « 

- - 1000 1 + 1000 . 


1000 I + If , 


Can you see why these are not primes ? Also, are you wondering why 

ve didnot start with 1000 I + 1 ? The reason is that 1000 J + 1 could 

» 

well be prime. It is not settled till today. 

In 1641j Feroit proved that every prime of the fora 4n + 1 can 
be written as the sum of two squares in a unique way. This reminds 
one of a famous story about Hardy and Eaaanujan. Hardy tad gone 
to see Hasanujan in hospital and he told Haaanujan 'I thought the 
nu'iber of ay taxi w '*3 1729. It seemed to me rather a dull nimbtr*. 

To this, Ramanujan replii'd 'Ho, Hardy 1 Ho, Iferdy I It is a very 
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Interestin,'; numlier. It is the smallest nuater expressltl© as the 
3 ’ia of two cutes in two different '<?ays.' Can you write 1729 as the 
sua of two cubes in two different ways ? When hardy asked Ibaanujsn 
whether he knew the answer to the corresponding problem for fourth 
powers, he replied that the first such number must be very 
large. Hardy found out later that EXiler had solved the fourth-power 
problem already and the number was 

635 , 3ie, c:? = 158^ 59^ = 134^^+ . 


One other problem concerning primes has been that of finding 
the largest prime. In 19^5, the largest known prime was 


ft which contains 3376 digits. 

These days with the help of computers, it is possible to examine 
very large numbers for their primeness. 2 ut still, there are 
many problems which remain unsolved and thorn are many which have 
been solved only in theory one remark is in order: 

Suppose we want to exasiine whether a given number C is prime 
or not. One way would be to try to divide the number by all numbers 
less than it. However, since every non-prime will have a prime 
f'‘ctor, it suffices to divide by all primes less than Q* However 


still, in a factorisation not both factors a, b can be for 

a>N[c, b ab > c which ia absurd. 

Thus, to find whether c has a divisor we need only exaoine 
whether any of the primes . 51 V c is a divisor. 

sfe'^ 91 =9* -- • trying 2, 3, 5, 7, w@ find 9 I - 7 x 
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The loat o:ci;or..'jLve table af pi”' ioc :ivlr ; ill nrl .es upto 
10 nillion vs published by D.”, Lehncr. Iliere rtro ■'-iiactly 66^^79 
"rlsies lees chan 10 I'illion, or about 6 jV' recently, 

D.H' Lp’nmfdr (the son of D.ll. Lc’rxicr) calculated total nuaber of 
priincs less tliat 10 billion. There are exactly h-j%05^ 512 such 
prisies or aoout ^ :5' /q t 

'!erGer .r. f^'o numbers are ns famous as Format primes. They 
are defined by 

Fa. =2^-1 , where n is a •orinc. 

In 16¥^, he.'sonne as’o ’ted thit the only values of p below 257 
for ’/hich 2^- 1 is a artmo '’re 

P ■= 2, 3, 5, 7, 13, 17, 11, 31, o7, 127, 257 . 


’inf-^roun-'*tely this w »3 noc true. In 13o6, it was discovered t’nat 
• . is a .rime. do.eve’, m 1?03, v; s rovod that 

‘ O 1 - ’ 


y^n - 1?37077::i r. 7o133'' 25/2^7 md so is not a 


oriae. 


doreo’ir Lelr’.er proa’sd in 1'?31 • that "'^3 not a prims where as 


'83 ^ *107 '' 

loday it is 


VCT*3 *.3l*OV‘-d "to 


.0 -r'mo for 


p . 2, 3,/:, 7. 1', 17, 11. 31, 31, 89, 107, 127, 521, 6o7, 1279, 
220’., ^2 31 , 3212, 42-13, ^^23 y 9689, 99^<’1, 11213 and 
:! is not orl-a for all other values of p <12000. 

Thus there ara mk lersunjie primes luio'in today of which 
the lar-sjt happens to 
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It is still unlmovm vhctUcr ihc' n'onVnr oi 


Xfi 


i:; 


or finite. 


Kcrsyei^ priiaes arc very Kuch. rcjlatcl with nu'/jcrs. 

A number is said to be perfect if it is tno s'l-i of 'tr 




divisors other than itself. For example , 


1 + 2 T 3 = 6 
1 + 2 + 1 + + 11 ). = 28 

and so 6 and 28 are perfect nunbers. The cnraicsi perfect na.xr 
is 6. It has been proved that if 2^^ 1 is a jrii.e, then 
is a perfect nunber. Thus correspondinf to ever- r.erss 'no nri”<., 
there is a perfect number. We mentiono.l tha. so f-r 23 hersenne 
primes are hnom, so ’.;e toov of 23 perfect nir.berc. Also, alitly 
perfect nunbers of the above fora arc c.'cn and it is possible to 
show that if a perfect number is even, it muse bo of this forr*. 
we may wonder ; 

Are there any odd perfect numbers ? As at present tne 
answer is i We don't know. It would be quite sor.ethinp if one 
can efitae out with an odd perfect nunber. In 19^8, it was shown 
that an odd perfect number must have atleast 36 digits. 

Closely related is another class of numbers-namely axicabljc 
numbers or friendly numbers . 

Two numbers are called amicable if each equals the sum of 
the aliquot divisors of the other. The oldest toovn such pair is 


n 
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:i20 and 284. 

1 +2+4 + 5+ 10 + 11 + 20 + 22 + 44 + 55 + 110 = 264 
and 1 + 2 + 4 + 71 + 142 = 220, 

The pair (220, 284) also happens to be the smallest pair 
of amicable nunbers. 

A^ain attempts were made from time to tlaio to discover 
formulae which will prodace amicable numbers. Today there are 
390 ’/JnowTi pairs of amlcabla numhers. A complete list giving all 
these 390 pairs can be forjii in Scripta Ihthem.atlca (1946) in the 
article on Aiic'ble nufocrs by S.3. "scott who alone found 233 
pairs out of these 3?0 in 1934. Infact there is one more pair 
(12285, 14595) of amicable numbers besides these 390 which was 
discovered by B.H. Ero*.si in 1939. It seems that after brown, no 
new pair has con^£ to light. 

2 . c-old2.ig:{'s cq:i.~sct?rs 

Christian Goldbach was a German teacher of Ilathematics. 
In 1742, he wrote to 3-aler tiiat he conjectures : 

"jJv'ery ao'en ini^eger (9^4) c:iii be written as the sum of two 
odd orLues.*’ 

The above con' ’cture of Goldbach has not been settled till* 
today. Tile conjecture is easy to verify for the first few even 
Integers. 9or instance, 

6=3+3 
8 = 3^5 
10 = 5+5 
12 = 5 + 7 

n 
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1H = 7+7 

16 = ? + 11 
1C = 5+13 
ro =^3+17 
= 11 ^ 11 

■ + 1 z: 

. '. ’ ^ . i, iC ■ .. u ■ ur.C "be true. 

• 'r i.-.-' , G'-tr, 0 . ■ I'Oc:. xfTljir-j for all even 

■\ . ^ . .^ 1 , r 'r 1 Tiroo. , or a coiuiter-eznnsple 

rn .... OCcoasc, there are r' rti: 1 results. 

>.. • ( ‘ t '■ 

f ont-'rcr can \’r_wiGr. as the sun 

r ;t results viuch c-/.c very close to 
-y I- ’ 0 , t;e iursi.-n cntiKr,’ulclcn Vxno^radov 
c 'i/ '■■■' rolvoc jit. He b’s provf'5 that 

'A'-.ori. '1-;- ;".'-ep,.rc arv th^ su of t*..'- jirincs,' 

'v-e. 'rliroat nil' rre-ns tb t if A(n) denotes the nunber of 
even int'^rers^n vl.cb enn not be rep resented as the sun of tvo 
prinesj then the r' tio ‘* as verj' near t i-z n t^'cones very 
It rpe. 

' pr' ' t' ''tjcinn Lanclnu nu.s it ir’.o I'nis 
'‘fne ioldlnch conjcct ,rc is f'.lsc for aluost Oi of all 
p'^T-n vnef’rn'::- ; Ihls rtnosi ^ docs not cnclu e, ofcoursG, the 
pornibiliLv that there i ro irnbultcly can:,- cxcentlons.” 

3 FER; a T ' S LAST T’CSORE-l 
Consider the equation 
2 


i. .1 • V - , 

i;n-a ‘ ]■ 
ir: 

,v * 

r 

o: Jt ' 
Sol . 
r"' 


x^+ 


2 


73 
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Thero^ nru ^overd triples y, z), 
ua-abera, which s>dia.y the acove eiiiudjii, 
]piovii . Pyuhiif^urean Lrlplos, r'or insia.cc, 
are solutlona of the ubove Gqiatioas aaa so 
Pyliia/oryan Irlplc:;, 


ulach arc h itar.il 
Such triijlca <iri 

(3, 5), (>, 1*^, 13) 

these triples are 


Iru.icL, there are for.iulae which would [dvo you scv Tal 
pytha.'orean triples, i-'or instance, for any. natural numbers, u, n, tin 

0 O 'I o 

triple (ffl'*- if'., 2iKi, iir+ n'"') is a Pytiui/.oruan tripl:, u, n arc 
relatively riuo u cn sctly one i.s even .other is u.i.i. Llhov/lue, 
if n is any o h! nu. ecr (>1 ), teen (n, , il-i-l) j_g 

i-m 

Pythagorean triple. 

The siturition is not that rosy when one alteiupts to find 
an integral solution of 

x”+ = z” for n > 2 . 


The French raathcmatlcian Pierre de 7en.iat made a conjecture that 
there are no three natural numbers x, y, n wMch can satisfy this 
equation if n > 2. 

This result Fermat wrote in the margin of his copy of the 
Latin translation of Diophantus Arithnetica. The note reads as 
folLous: 

'To divide a cube Into two cubes, a fourth power, or in 
general any powur whatever into two powers of the same denOTination 
above the second is impossible, and I hi^ive assuredly found an 
admirable pro^ of this, but the margin is too narww to contain it, 

Insplte of Fermat's firm declaration, the result remains 
unproved till today. Tlius, it cannot be called a ttbeorai'', nor 
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it is the 'last' worl: of Feruiat, A proof for n H- was found in 
Fomat's work elsewhere. For n = 3, it was proved by Euler a 
century later in I 770 . Anothur century later, LPt;; ,ndro and Diriehlot 
proved it indepcndonily for n = :; in VJ2?. In I 839 , Lane i^’ovcd 
it for n " 7. 

In 1o>-t3, the Gcniiaii niathGiaatician Kumracr subuitted a 
proof of Fermat's theorem to Dirichlet who found an error in the 

tr 

proof. Based on the ideas developed by Kmnraer, several special 
oases have been proved. For instance, it has been proved that 
Ferriat 's tljeorei 1 ^ true for all n<r 4oo3 and for many other 
particular values of 11 , But the general theorem has not been settled. 

In 190 a, the German mathematician P. Wolfsliehl bequeathed 
100,000 marks to the Academy of Scienc-' at Gottinyen as a prize 
for the first complete proof of the theoreoi. This motivated thousand 
of araatuers to attempt a solution. Fermat's theorem ^ rained the 
reputation that ^ a mathematical nroblen for which the greatest 
number of incorrect proofs have been published. Tliere appeared 
loop false proofs between 1908 and 1912 . Ofeourse, several eminent 
mathematicians liavc worked on the problem and many partial results 
have been obtained. For instance, the problem has been reduced to 
finding an integral solution of 

yP . aP 

where p is an odd prime, Whether even Feraat had him|elf found 
a solution or not might never be known. 




^ 4 •XC 1 M.(^0 * T" ^ • t?' t'* »&*OXfcS 

1 4 • ' ' untied. 


Ur. VluVuia Slu^ti 

U..J' J 1. * 0* *4» rt# l>*« ' 

-'ll' I , . Lui 'iil pi•_ "• t.'uuAicr o ■ 

Caiiiiidur Uiu mt ui tiuUtruI iiuiMbuiti « ^1, 3,4 

li: vitf udd iu^ cwJ Qf tUd uaisburHf tbe uuftber 
cUdir Bun will ulao bu lb tb# bet; U. -Cbiis giveb cu^ 
pale St natural nuuberB os a and ii&ora sxista ana 
tuid o(<ly oiitt nacurul nuubor oalled tu* aum ot a uud b, 

I'aia auu la ludluutad aa a-t<b> ' '• ■ 

Ho*’' c'^'Uluiir a uiUfiaC ol duca ao (ue auC of all 
oxia digit nutural nuudicra t U ••-£ 1 , 2,3, 4, 6, «,7,a,!Sj- , 

(a but iJ la culliiU a sabaat of K If avoiy alaudiit St 
k. it> olau ttii ulttO-ttit uf lt)« It bayr bo airuu tUut tua 
teU P of CvvJ jiuUji.ru Quai aa 3 aud b will ba auat oar l.ucbar 
lx. tao out. . ila.'Ovor, It le poaolbla to add two uuiubdra, 

* 

'of aTtfaidata, awcii <^0 d lutd 8 to obtolJ. u auabar iiot lx. 
c.u out. mO L-uy, t.iw) k.4.1 kuw kut of all uj.c .U£;i t 
i.acurjl x.uxbi ro iu not oluacd ui.uijr tuo oprrjLtioja o£ 
wddlcion, x'Uh r.i-t 01 ' uil QVQi. Jiaturul i.ui.ber» le clco.id 
uj.dur tb« opurucloji ox uUdltior., oiaob tUo ouu of apy 
Cl ,0 cvejj r.uPbcrs IC wkuuuur evei. buoibar, .be a«t of 
uH odd natural nuetbura lo not oloaud for addition, 
all.CO cud auu. of cwp odd xtutural jauubere la oc. uvea 

J-Uldjujc, 

I 

it iiu.y c.'oui ui«n.. 0 kuuary to oull Httei.tlou to too 
fact tOwt V.0 obtiun tUtf fMUa cub. waon uu 'udd up' n ooluui 
ac »d&u wo 'add dim* tue ooluiw., But tale lllustrutee 
cftb principle of tuo s?ir^5t«4Si3f'9JUi)l addition of 
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- a-Ui Tw. 1*. tiu.kirul It momto ttiut If u sa*d b 

.. • o -i.y t4/j * it'i r-i 

t 

j,iii^bur&, taui. ub s p'fQ* 

fUrf usaociatlvo law far odditlou ibBuatt tuat If 
j,b ij.<l 0 are uny tlir-<o i.aturuX iiUHibora, tu^. a‘r(b<to)*‘ 

( u + b) c, i'o ba cpcclfl Q { 2 •* a) * 4i •> 2 * 4) t pr 

S't- 4 ■■ g <t- 7, siXiCtf afccb sau i« 9> 

*■110 Lwc of f.wCur.> 4 -L x^uiiburo iu uIbj cloDud ubaer 
tuo opur-ktlan of u.ulttplloatloo, for if Vfa'itultlply a».y "two 
aacuLul aumburo, h« obtain* mot bar uauinU. nu.abor< 

-faaa glvm any two nutural Aucib«r« A i«ld b« tutra «xista 
ma oad only 0144 nutursd jauobor oallod tl;o proUuot of 
a Aid b. fbia product 1« Indloatad oa A«b or ab* 

jjb-a oowttutattvo lw» oIbo b^iplrtid to wultlpllc&tloo 

- * w 

of catur&l aupbopB. It nouas. tOAt If. a ood b Ar« Aiiy 
two batuxul auiftaro, taaa Atb*b. c* foba spooifle 

W 1 J.CO uotually ffleudA taat^’dVd + 4' » 3+a t3 **■3. 

oibllarly, ebc ^oa oclp tive l ew itoldo for aultlplicfitioi. 
of iiucurul nauibcro^ uliica If^a^b obd 0 ara any tUraa 
4.asural buniioro, tuo. (u,b),o» a«(b.o}, fo ba fcpoulf*o l 
(3. -fi) *6 wuloU ie (Ig) .6 « 60 la taa ooco as 3.C4.S) 
wolca la 3.(go) ■> bO. 

Wo Day gotoitoliaa furtbar md say tout tua auu of 
u.y mubar of locurul uusbars la a joutuxb! jau^axrj wa 
uud tool- 1« W4y ordar cad fivaup ttiaw lu uny woy v.a ploaaa, 

Uao, eaa product of of aaturaX ivusabara} 

t.a ci-ltlply tuab to oiy ordar cuid croup cbata in 
Aiy iKtiy we plauae. 
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4'ii,u u iuii'i bUkl. V'. l«v« of udltipi 10441:10X1 ov«tr 
t.*ai a.CO-t'a) «* (u.b) t (o, o) oud 
•^pptlou to tuc euc of ii44CumI toiuouru. 

^.'ao li. te.fmu . Do, wa ituwa olotura fot i.jLta.ral 
, 44.L,i.rL. lUiUor tuo jpcrallsM# of twbtraotlon I iirut lot 
00 a<.fli.a sobtruutioi* ao tuc liivcroa of c-ddiliox., 

OfUtiJUQ Uiul If a and b aro luxturul iuuuberst tneu ’ 
tucra exii>t9 a ux.lqaa uusbtr x cuda *as.t t&e difference 
batreoen a and b in order aeuns that bx ■ a or 

■> X. If a>b, t;uu4 we oeo x la |i.nutuml 

nuabor; bat suppose a •> b qr OAb, lx. order to nova 
closure for sabtructioxi, tlie mxiuber oyetea auat be 
extaxidad to incluae zero a<d tUa positivo and tieg' 4 «tive 
baubere. 

yirutf let uu aofiue Kero . wUosv uyubol is o, aa 

uxs nuB^er wiiicu a.u tiiu property u-t- uh uaruxu^o*" 

i‘ae set of butuxixl i.uubero now beooue 

*■ " l|2,3, l^OT ony ouuber b of this set, 

b,0*0+04’ ,....^0 woers UieX'i^re b saros ixi toe uubi, 

.icbco U** * 0. <4lox 0.0 *0. If a ui.d b are ax.y two 

\ 

1 . ^turol buubars end ab ■> 0. taeu eituer n or b or bottx 
E-ost equal to tero. 

Let as defiiis diviolou as tae inverse of Eulcipli^ ' 
cation, foot ic to divide a naoibcr a by a naober b 
aeubs to fir.d a lutabcr x oacn that b. x • a. tCasn a JL b aX 
oix.oc 0 - 7 * b a j.uuber x dach ttmt b, x *0, x aast be 

sero if b is not xero. xtiat is O-^b * 0 if b f 0. 

Coes a~0, waers have a oeanib^? If so, 

1 t la a iiai:4>er x sacu tuat 0.x * a.'But alboe sero tioes ac 
bueber is xoro^ bkla would lead to a oui.trsdiotioi., isid 







. I .U..L o^i.olua>. ifti—I u U LuiU i>a uouiulxtjj;. ^tlua* if 
u -r'o uuai«u u.ytuii.j, it would mutiK a uuh4)ar x oucu taut 
j.x a o, But tucii X could bo aay xiutbcr flo tuat O 7 -O 
1 . ^u.U.cluuJ. i'uwreXoi'u^ vro cuat UuVH tuC lulc tio^t 
livl^OM by zuru j.i.vur poruictcd, uud tUat u 0 is i<ot 
„ 4 .U—uur. 

i’b »;lv« to 0—a tu#l a —b wuerw a<.b. ms 

oust lutzodLos poBitivft oud aegativs nuDbo-ra. aUall 
csJ.1 ttiis 110 W Rsc ul nuiubursi ta« est of n«w lAteg«rs t 
I '= ^ . -b, - 2 , - 1 , 0, 1,2,3, 4, .ttita tasaa 

i. e>i t-auibora we Uliw closure f^ot at^ly otxinx' tue opein^t iojns' 
or u>iditloiJ tuid BuX tiplioutioci, but also under tue 
operutiari of subtraction. Also toe oouLUtutive, caseolative, 
u£,d diatributiVo lr.'''a still bold. 

a‘ uM K a tlonols . Bcfoi'o we exacJLti,.' tae operation of 
diviaiofa for clouarc, let ua reatuCe tbo ueauing of division, 
x'o divide a nuttber a by u butdier b mecuiu to find a nuu-ber , 
nuoji t<iat b.x ■_u. Xaou u 7 b >> x, lu tao exauplea 
o2 J Ct 6 ) j 3| 0—0 and 0 - 7 (-l), tua qaJtlar.ta aro 
. 1 x 0 eleuento, or nai>burO| ii> tbe set of intei^ers. SLuse 
. ■ 7 '^ or O 4 * ulrxudy been cxplainud au UavJUi^ i.o 

we will need not cocsidar sued exemplea aa 5 4'0 
and O-VOt Bit is taere a nusber x sueb tbut -7 -r* 2 ■> x, . 
i:.acr.m|r 2, x ■ -7 7 ite aoe icaodiately tbat tbs set of IZttegei:. . 

I - {_ . “ 1 . 0 . 1 . 2 ,3,4.is not 

closed uu<ler uivisipn, 

aixtce -7 7 2 »' s ~ b axe not nuP'bure in tne set of 

incegero, it le iiow naceuaaiy to intxoduoe a new llui of 

j. uL-b.'r so tiiat a 7-0 will have boonint; for oil oases 
(except for b » 0 ), fuls now nuU>«r ie called a fruotion 
f 0 .d toe sysibol for it ia a/b where a and b are natural 
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i^aUtcrti. JkUi.b wjaia, upw^veri rectricV v>ar i>«w 
to paaltlwe frucUji.q. In order to ii.(dude n«.gatii>Jt 
fructions, v<c uuut rnuiove tutt restriction cuat a and b 
arts uitural nuabcrB and atiy tnati Viey aru signed IncegerB. 
•‘uu* il our luws of opcratioits for oity'^d mubers atr« 
to Quid, wa Blast ngrao taut if a and b ar«'nriUir«l> 
i.-«.b-ra, ^ ^ 

L‘Uis uaw syotab. o£ nuaburs conslata crl iu.x nuwberu oi tda 
form p/q Ml are p and q ara .Intagara, d f O; SSita naw 
•yatea la oalled tna rational nuttbar systan, Cna systatp . 
muy ba diapluyod as foilov/0 tbe first row con be tnou^t 
gf aa bavlng dcnodufttor 1 )t 


!<(«>• “4( “Zf •■Ij* *•!» 0 I If 2 I b f 4» »••♦»•*• 

.-4/2, -o/2, -V2 » -V8. 0/2, J/S, 3/2, . 

«•>••• —4/3, —3/3, —^3, **1/3^, 0/3, 1/3, f/3, 3/3, 



j!tta xules MiiiuU uayo bean set up for operating wits, 
fractions can ba extended to in elude all xational t^uabera 
arid it cati be aoovu) tnat tba aat of rotignali la closed v 
under tna opaistiiona'of addition, niltipllcaUon, aubczsptlon 
and alao division. Uauca, tbaaa four oparationa are ^ 
cuUod tUo rational oporationi* 

fne H ral ttu iob ora . Let ue now ooi.wtder a new kind of 

opurutlut., la It al,uyp poaalblw to find a nuBd>«r sues 

tuut Cue lAisber uultipliad b/ Itaulf givou nnotuer nu«>ber 

in tue oet of mtionula f fox oxsieplv, tUo nusbur t> oultlpllv 

* 

by itself gives tba nueibar 26; also, -6 oultiplisd by 
itaalf gives tuv tuibbar 26, Kow wbst uuubcr utXtipIled 









by ibuulf ^ prov\»<l ^u»t bierta is (tw 

r^itlJtial wututur x aitcb tbut x, x “ t Oi* x*‘'» 2 by sbututoc 
uiat X caiuiot be wi-ltteii as ta«i quotient of two tntegwrs. 

*'^c «« riu« tj a ucw ki/.tl of X4Uii.b. r coUt««i at. iri’utlocaJt 

naubtT and wolcu is defined as a nanbi.x widcti can not b« 
written us toe qaotiei.t of twu Integers, to algebraic 
IrratloXial cou be abtainod aa roots of eqaatiojaa of tbe 
fore /(x) • 0 , \tiiore P( *) Is a polynotalal ^Itb, rational 
ooeiflolencs. A truisooiidtettal nua4>er la an 1 rratlojirJ., 
eucn an *Ti wbicn le not a root of toy equation of tuo foru 
P(x) - 0. 

ibe real nu...ocr syoteo Is now oott^sed of tbe positive 

end negative latitoel nujBberpf tbq positive and negative 
... • ‘ ‘ • 
irrutlobsl p 4 a.bera,'tod *ero,_‘ TUle oystem lB.fiip 4 .ei 

under toe oporacione of addition, BulUplicatian, sub¬ 
traction,'.w.d diviotoii by non-sera, file elenuit 0 / tois 
uyjteo nloo followo tuo fuudswental lanu. If fa,b, and o 
Hv*i null nuubero, tuun \ u^t-b^bi'a t b,b»>b.a (oomeiutati v«) 
’u+(b+o) ■ (aVb)+c ! a.(b,c) • (e.b) , 0 (iBSoolutlve) 

V * 

s.Xb + o) « a.bv u.o ( Dletributl vo) . 

ijiy ^Bteu Butiofying tUese conditions witb two 

operations. ■* tod . , and In addition baq a 'toro' eleaeot 

auon tout x-r 0 •> x for any p in tbe ^eteo end bas a 

■unit* eleotunc suoi tuat X,| " X tax X in tbe systea 

is called a field. , 

* ^ 

I tie Coioolex liuubers t 4 .nationnl nusber was 
• * 

Invented in order bays a nuober edose »iaar« was eitbsr 
pooitiva pr sere. Is tti9.rv ^ nuabur wuose square is ^ 
cei..ative 7 Ja ou* say oiere la no real xutnber but we own 




- Jttiv. Li.‘t uu dcTJUiu tUJLo ucw nuubcir ua 

^ tiu-aor wuQeQ squatv j-q l•c,’^aCivu and call It u puru 

uuubcr. •«. u,vy doitutc Uie iiUDbcr wdoao n^juara is 

-1 by 1 Vu-it !*■ = -1. If a tq a.y rual miu4j«r* tuan 
*■• li a 

u*"! « - u , call I tan im.c^,^Ty ujiit. 

JuL. ,.or<l iBuginaty la wluLcw^i-nj^ ainco actually tuv 
naab'.r tb wexy real tc uu cltotrloal u.^;iiiBur. bljicc tuc 
lutcar i l8 a syiiibol far elHcCricul curnu.t, bud payuicist 
hud clttctrloel tiucluecr uuct tUe letter j fir i-1. 

fao ay stub uf uuabara &ade up of rw»I.uaubt.rs w^d 
paru iu^inaiy nuubera in uot clusud for uddltiuu qliicQ 
a •» b 1 io celtuar a pur« ioik^nary uuEbor nor a rcul 
na-our. Ails utnn kind qf number, oullod a coc^leX i .u cbar 
iJufLuud ku a i.aub^r of tUu foru u*b I iAicrv \ jii b 
;.r« real uawbera, ;^iv>.u Ub tUu oa i-pX t-x uuub<;r o.utbQi. If 
“ 0, wu tULVO u p-rc iu^^inaiy iiun^Tri If b »0, ke Uvive 
ti r.aaber, ul^abro of ootplax uubl>axra li tae 

a> 

uji for rtal i.ui.b< ra cxuwptwtbut If *0 _ 

rvplapa l£ by “I* 

/. of tao Coiiglux biu abo r 

It ta Jjuportiuil tiuit Uiu pupil CuuU tuu or^aulaatlon 
of lub nuubur uyutcu us it io devuloped. Jo auould bo ludo 
vj reolixtj tuat «uca now uuiubor was 'iaivuutad' boouuso tu«r« 
a bead for it. JPor UistoKoe, me cai< tuut 

tasitf wus •^ime wbot* ei*rly can Uad bO particular Jueod for 
buturul bucLboro. Uo Uud nutaibg to couxit. Howoveri ua tULa 
pob«>c>a>lobo l/icroaubd, Uo lUce nodexb bm* v^obtod to trtlK 
t- ul£» ualjibour uUjuc .»v.. “•lod aud aw uao-y w Uodj ‘ 
'cjOj.tU.c. i.u»..b x'-' or ucro u<vu<t«^d. /{u 

Y' -M' Uuy«lop«d, life li “cu-«f ooapl 'Xi 



;:t\i Ihva-tijiv oi ..till uii.'u itabb>.ru a ttccu&>sity. 

111 / \ri Qi I 11 .U kiudcr^irtinj p7i>tpniuni€ £Ui<l 
oji-tlnaUi^ ttiriwi:.. c.iu lv.ut yuur -jI algu aaiool, tud 
pupil ataUld Uu auaru iU4.l Uu iu buil>Jlli,: u 

&>spoc. oC laiuburo. tuo Usio tau pupil 03C.pleV«ti 
cau study oT cju.plv.-x i^uMsurs, Ue lu ruudy^ts racoiy.lcs 
lae full i&pvict jf tuo pi'ti.clplu of 'clo&ars* 04 ; tua 
dfcVttlopMiiit of tua ootplsx uuubsr. 

fuit followl4.(> diut^ruo la balpful li. suovvibg tbs 
pupil tuu ovdj>-all picturo. It cuxi be used as a 'crowlitg* - 
b-Uattu bourd by uddii.^ tie juu*u) of tie cauber field as 
It Is luverited. 


fan oouplcx l^uubur ay stun 



.coal MutLbCT ('() 
iiM,tlpp al .1' uW te rb'Cw)'' 


lem^inary or Mt 
linaX Kuubor 


li.t«i:6rs (I) 


1 


Irra-tloaaX Ivusbers 
(iVq) 
ruotlooa 


Ii^tagorw 


lieguUve luteijors 


F^sitive XategersC^-) 
(. acurul l.uBbeza) 


:dero-iJi toaor 


GrapUlxtg 

i!da (xuicept of ' ooordiQatesi shsuld b« developed 
wttn order 00 a line, fils oun bo dorie wlUi a ya<detl(;dc, 

A ituUior la aosoci-vtou wltU eacti pulXit (soy tuu oei.tlMitcr 
ulvioJoi.o) be(>ui.li.^ \yl ut scrj oa > cut.tU<uUij to Include 
bo. 'lam 01 cueud Ic cU.led too coordljr«ute of & point* 

7t. ouier worJo, a ,'lvoo tua pool tlan of .. point on tue 




yrTOttick. kicJ^iariy, a Has wtiiou cantalAa ojuly Icts’ers 
ulcU eacu beln^ auSjdated «rJ.Ui a pblut bec^^ iovoiap- 
'ji xuo r«ial axis* 

Cboose Xoa aut oi positive lAXcgara 
4|3| 4, 5,^ • ji*a«Hgru,jhtOyi0Lljr rtjpraawAtwd,-tti* ‘lulutLon 
a«t' oX X i- 3 •• 7 iB tuu polAt ttxax Uwo tua ocordic .xa ( 4) 
luox^tad OA uia llnB* :<«« fXg.1. 


Olx340uV8 

-*- ►—-i—-4-1 1—I ( 1- 

» 

Viz. 1- ’ 

1 . 0,1 o:>A 8 iaar to« gropUlaoI royraeantati ca of xa-^C. 7 * 

In uia bit at poslciae intogarfi, the solution sat consUta 
01 taa points 1, y, .».a 3 or S *• ^1, 2, 
boa Viz. 1, 

t 

0 12346678 


yig. 2. 

as cub nead brioafl for naw uutabors, tbs lino nxls is 
liilod ii4 wlta croctlons and Ixrationol nunibars, botu 
pool tlvs end nsgatlvu, llts roal axle appeuru as illuotruXod 


■9 




- 10 - 


la tus uet jf poalti’la real uaiubura, flJ*d ajluS^u 
-«i P- poii '59 t'ov x + d^7, Alls viLll bo all tUe pjEltl^a 
-uai i*iub«ru frju 0 tj 4 (but not Inclualva) no inUcatoi 
b-y taat portlaa of z'io line aria oncloeed v»m‘tno braoleta 
la yig. 4. It ttoar.8 tbat xb* colatloi. a«t will be a set 
at polr»i8 tor «alax x>0 uad x <4, or 0 ^ x •4. 4, 
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9 


HelatlousUip ml ta tv»o varlubloa boooHt. lUe aaxb 
ci. Sid a rati--a. Coaalder bie raalatlon y « x-c 4. Let x uid 
y be sol»cte<i tron cae oet of positive Integera, low for 
every replaoanent of x wltkx a positive Integer, fiiere la 
a pofiolble replaoenent for y vrtiloh will nalte the relatlodi 
y » x+ 4, true. In »'ig. 8» (8»t), (3|7), etc 14 

called a 'oet of ordered' pairs'. *'lil8 tamli.ology aoeiea 
4 alte aaturul, fortUe relation y »* x + 4 tiotunlly arlore 
taese pairs, 'fboee poire are first repreoeotod ao 


•lattice' pylutB ao ebom in Pig. 6, Tboy are Infinite 
in nu'ubor v/lthir. the previously selected set of pooltlve 



sn^. b Pi& ^ 
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Cjueider we telatiar*, y<x + 4 wllft x oi*4 y eelecceJ ^ 
frju ta* yet of oil positive tutegers, r&e eolutioi. s«it 

f-vj tuinlx.^ or.ly [>w.“itivcr Inte.'cr.** will bn Lr«fUilw Lr. 
j a-o'-r, axaisplea betnu, ( 1, 2), (1,4), (6,7)^tc. 

Jiic of tUcBe p«J.ra of nijebere, no s-owi lx. yig.9, 

boc:>DOL n cut of Ir^ttice points mUIcu docs rot isclode 
ta* r.uitber pairs (1,5), 2,b), etc,, of tbe y ® x*4 
relation nor any points above tbeae poire, 



If ttie oet for X atia y la lucraaoe^ to LncluOe 
aji to* real r.g.ubci 'g, tUe cet of points beooos s 

of to* plnno, fhe alrectes iinoa xc yig, 10 





ii . <‘.iclua, Po pose toe prubl era ot 1 jc» tir.^ tlia 

■. -ti ca eatiafles tUeco two couditlaDS ; x + y^C. 5 jwid £^*-y <£. 

-V. i'ac chtkdcd radian ctiovoi to Pic* cocrtl cutes to« 
uoluti3^>, toU (totk to oxtoTidud ta i^pply to a systso of 
S or t»r« li.ttMdalltlttU, .Iffloltoiay exisoels in lu'kit^ry 
utilise tuio Botood In 'linear prograooliijt' . 



.ljuuj»-rjua for ataaeaCa and toeir future careers. It Uas 
b' Ljj Jb'^^rvi-d ttiut wj»y autoors is*.iie tlicQij orrora In 
%'xiclu^ tudir textbooVK, axn toa..Caaonecu sixd—iKuaentS 
bec.iLj6 vletiiaa of caeoo errors. Uofurtur.atel/i saoat 
te_^i.oxD ctu<r oc Ualciuc tueae errors. All suda coneaptoal 
ulsta^eo in ..itoeuacica toould. ta dlscusoed in detail 
x.ita Ceacaers ouU scaJeuts. 'Sosm euca c^ceptual ftlstaXsa 
are given below, 

1. Cue couoept of 'Inesuatioui and tuet^allty* are 
oo*.tlJered to be cyn wiyooua ty «a*y autuora, 7pia Is 
. ucaooatloully wrong. Cbo differeuo* between toeas'two 
concepts la oiialo^an to titut between * eQuatlou * or.d 
liMi t4,ty It' ^^tuenadcu. An Inequntian Is a stnteB<». t 




14 - 


11 . 0 * Is j.ot tni« fjr dLI volaca oi tuc v *ri..iblotB} 

; vjlvod. But 1*41 ij.i'jUAllty i-n i sCsitcb^iC wuicu la ttua 
[..r Lll vuluea j 1 ttic varlublae iJivus 

x+y ^ 1 la ot* bat (x+y)®"^ *^xy+y^ la m 

iacquLUty, cljicy it lo true Ijp all vJ.U«» or X -i.a 
• c solve <uo loesiaatloi’i buc prove on Inequality, 

2. £be expreoalaxi x^-9 and x~u t u being coa.starit) 

X +a 

ure coiiijldered to bi tue oucc expr«oBlori by J»r.y, tbi o 

o 

lu u1b 9 not true. »ar x -a la not dejTlned for x ■ -a 

X -t a 

Ml^ereaa x-a la defined for x <* -a, 

* ^ • 

3. ' Uuiy teuaiteTO vejy^jjJften urtte”^ 

J( “'x -y OX! JId * • i,4i, wDleb iB a itrung con cap t, 

'*** ’ . 

In facti the Byabol ' J ' BeOna tiie positive aguar^ coot 

a 

a-d not altsply tae ^_uuao_rooU Hwice “ 4 (.md not t.4) 
-ni x-y) ^ - \ x-y \ uivi ito t 1(75) “ - x-y or y-x or - 
i l>-y). Hut tna Bqa..r« root o£ In wUtco lo wrltcon 
. t_ ld| la definitely equal to t. 4. 

4. circle in geometry la tboagbt to be a region 

b .viug some area. But tala concept la viroog. It la m 

oluply a curve (or u curved line) traced oat by a point 
Moving on a two dina.QlonoI space (plane) according to • 
c<*rtaln law. It xsr.clooea a certain region, .By tne staW* 

I 

CtCt area of a (otrela. we uwan toe area, of too region 
bouxiOed by toe cirolo and not tba nraO of xb^ curve uolda 
Qua no ceuTiing. 

* 5, toe deftoltlon of two ptirallel lines uS tae llnea 

waled never Pwet la not perfectly correct, fwo llnev 
In space umy never meet, but tbey atlU not be parallel, 
toe point to be utapbaulaed In tbe definltl»M. of p..rullel 
llneo la tmt Oiuy nuat be vopl jr.'T, 3o tuw correct 
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% 


4. U I 11 Ji. J1 )p ,1 .Al wl liiiC’j tl. I.U ; i.j ll«<a 

_ re dt-lii tJ bt p-ii'-llvl H’ Uiey «!.■« c/pl Jtur j *1 
li. ^^octiuvj. 

u, L it:u.-wucic.J. loi-cul.ifl i rv xvTittri* li. Uxxtbajk 

,/ituoat ui4y wj.tiiT. jf aoo* rt>strlcti<».a. 4.’n« vtjlubtAi 
of .<alcii luuy 1 e.id unw ta cot fallaclouu reisa Its Car wucta 
teacher or i utail«*» t uoy iiOt be able to ^ ojirect 

erploaatloc, bccoOHa of lack of capplcte ii.forcu'i.tiOD at 
uie restrictici.a lavalved tn the farEiolo, Tiica® f arsiolas • 
ar*', therefore, Jncocplete, and beuce r.jf correct. It le 
toe duty of teacaera to point out these reatilctton© ta - 

ta 3 8 tuderte, For e xaaple, bae ratojua far^jola of li law . 

„‘'‘b^ a (oa)“* ctvea in any Btan<Jurd textbook -n algebra. 
..Itajut ^cbtioiili.c poQwlblo roatricti-au c«. oie 

v-luau of a|b oi.d u*. b3»<, wo .ilVc tho ojlatloi. of a 

pr-jblea In two different m^b : In oiie o? tae aJlaeiona, 
ite use caa above fort-ulu, &a a result we 3a*J.l ^et two 
CO*, tikdlc tory ai*a\*er«, i/nl«ai» a studot* t or u toucher 
Ic.os.'S hie reotri ctl<Ji4C an '^e voluee of (L,b and n In the 
furuilu he/dhe ocii not uorpluln wrilch of the two 
uotuodB of solution Is corroot. 

V, "2 


I- It 




Vo ^2 

(-10) ^ (-4) - ^-16) X (-4) ^ 


(64) 




S 


► 


also J-IO JT4' =. 4 i^T X 2 jTi «a X XTI X JTT 

K 


he*.ce, In one case our liuewer io a and li. u.other 
ca.t.e It io -*0. J b)h Huoutlon is, woicti one is correct 

.j.d wpy ? 




- lu 


li. V ij ruul , u** (»b)** la Ciao Ir. witf 


Jvj.a ii.j, c-s«.a : 


1) If > It. jou liitw^jr, utd. above ■fortulu ia tju* 
far oil Ji=r.-zoiO »m1uc9 ot a, b. 

il) If a la a fracLtoj. at tuu ^>8 f/<i v»ber@ p aa<S q 

ara latH»ort> oi^a tue fraoi'Cioa ta ia tue lo^esc texw^ 
wen We feruila is brte for all noc-aere values of 

a| b* 


111) If mis frucilan of tba type 'vijaxs p,q ar 

Into^ora, q>0 and tb® fracticw la In th.a lowest. Carsa, 
ther We forcula la twe only vocn fit cm* of 

u, b la paaltlve, Vfhan^botti a,b ate n«gatlv«| ttis''' 

* '■ ’2* I* ^jS 4 

foroals daos POt told ^cop<^i . i. v 

In Oka preb&at exig^la, aiuoa both -lb and -4 •, 

*• 

are netcatlva tae use ot' cue sbovo torcula in tne tirat 
otetaod of oolutljn ir. wrong and taq second aalutioa 
1*0. -0 le bid cotTect aolutian* 


fbeBe are only a liultad nucA^er of exstaples of 
Qoopeptual anrora In (.tatUesatlou. flicm are otWy sucu 
V/e^ncoleB where conceptual etrcra are laada by authors, 

2eacnere, Sbpi^d tjy~'t>-~CJLf\d“Ottt as “^y such examples - ■ * 
as possible and discuna thsa s group fhr tti\ loprove^ - . 
.gfeftt of iuithc^ajdcs teaohing,^ 








ACTiviTiBa FOR warewx m c/whciju. 


•> stsmis LjUl (iasx) 

*) The purpose gf tbiia Activity la to maka th.9 atwteit und«7iat«}4 

I 

tha lagikia^ of « hAcSc* 4 par^o-a worttlitg m a 

b« iQVitad to coea aad deacrlba tha wortcic^s of hla hfwohi 1i@ th« 
atudanta. Studaata than B«jr ha takaa to that brsiioh tAoini t^qr 
can hava fint band Infomatlon about tin finactioninit. 
b) Tba atudant atuuld ba t a ugh t bow to daal wtth bai^. Ta«sb «9 
(with tha help of aoaa baoh offlclalo}. if nacaaaaj^} aboiULd 
tha etudaat awara of various typ»s of aocounta^ fom#, 'obinQMk, 
loan appllcatlona ato. for this purpoaa, blanit fomsi om h* 
producad fna banka. Thaaa foma may also ba ^t cyel*iyla4 
in tba school. Studsnts ba than taught bow to fill tamu 

comctly, bow to fill pq--l»-alip, bow to fill a idtMTw^ 
fon, bow to writs an ordsr ohe<(ua, baarar cbbq;ua or a oroaaad cteiiM, 
how to fill a particular loan applloa‘»oo fom, bow to *at a drart 
praparad sto. with tba help of back offioiola, thaaa foma nuat ba 
cbachad as is'dona In banka, farioua eoitriaa aoat ba ohachad and 
oorraotad, Studsosta nay ba given safflolant practice u in tbla asaroler 

o) * Students nay be asaigr«sd eossll projsota daelisg with baidt», 

they nsy be aaaignad various heads lib* fixed d^oaltSf d^oaite 
ta savings aocounta, loan to agrlcultura lom to pu^lo 

sector, loan to weaker oectiona of the aooiety, loan dlstrlbatad . 
in loan aelaa eto. They wky ^ aaeigaed different tine perlads 
like first quarter of a financial j^ear or later half » partinnlar 
calender year. They may then be asked to eoUect data fox tbs 
aaeigned periods avallaKla in tha baedt under the aaaignad biwida. 

t. 

d) Me enjoy lots of advertiaeaents on T, V, These ada are about warl 
♦ being prodpoed la the country. Thaos prodaota axi Win* 
produced by various tndustrtal bouaae, Soete of thaaa aff t* 
private sector and aooa la public aactor. atadeats asy ba 
to oollaot these ada aad tabulate the reault aa foUdwan 
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Produot St&mifaotunar ©y PriwiiaJ 

1 . 

- 

2 . 


a 


e) A piTid«<>t aisilaf to tbo o&« ili»ciiuts«4 la C<l) doas for t)ia 

prodooto adv«rtlB*d In tMi\m papBXO oad radio. 

f) tic la alao a dapoelt tatciaf aod loan (Ivinc aeanc/. Pcojaoi* 
alallar to tlia ona dloouaaad In (c) oagr takas for dlffaraat aoiM** 
of Isauraooa. 

g) Hoet of tba Mw^apara id'VO .oumst rata* la principal aMUk.ata 
Ilka bullion, oils, oottoa, ausar, aatal, splcaa, ato. Btndsnts 
sajr ba aakad to coUaot data for vazioua llaaa in dlffaraat oadcsts 
ovar a oartaia pariod, Wila data aajr ba uaad to atudy mrlatloas, 
parcantaga of prloa rise or fall ato. 

h) fitai tba noua^miara atudants najr oollact data ra^ardlnf tba trasds 
in ahara aarkats. Tbay may atudy aarkat valua of abaraa of a 
cartaln oonpasy over a certain period, aad calculated profit 
gaioad or loaa incurrad If tbs soney rare invaatad In tboaa aiarsa. 

i) Infonstion ra4;ardlns dividand daclarad tgr diffareot ocd^oaias 

al*o ba collaoted fron nawapapara. A ocaparativa study of 
tba dividanda daclarsd ty dlffaraat ooapaalaa nay ba atudiad. 

i) Tba foUowinc sane attf ba uaad to fanlUnxlaa tba atudasto tb« 
uaa of various tablaa. 
yuabar of Plira.£a« T»( A and B) 

datarttl HaaAtd i tw 4ioa of diffarwt oolour*, acne faka^ 
eurrancy notaa and oolns, a tsbla abowind tba nstomt of Ba.1 ■« 
rateo *1^ periods 1 yosi“i 2 yasra, 

6 yasra. 
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Bow to Divide Ihe mocMgr betve^ea the pli^ei^ equelljr. Hme tte 

tw dice ae m rate die^ aiid tieia dle^?^ Fla^tif A puts ikw* eeiir x, 

at Btaice and aaks Tor a at^ber (frora t to 6) oo e-ae of Um) dice, 
be aeke for 3 on die R. Flajrer B tbrot<a t-he two dloa alaiwl^tacMouttl^* 

There are throe poesibilltiea. 3 aopeare on R, _ln thio cajie B iriH j^lvdl 
to A the eeaouni of the pruooipal z at the rate ahokcn on the die ta 

the preaent caae) for the period ahowa on the die T* _eppeam oo T . 

In this case A will ^ve to B the Interset on z "at the rate »hc« on S 
for the period ahowi on T(3 In the present oaeay. If 3 does not ai^poAr 
pa anjr of the two dice. A loeea the sun z to B,. In the ceae of first 
poaaibillty A gate the next chance of throwing the dice. In the •other 
two cases B continues to throw. 

The gema ns^ be plsj^ed as long as the two pX^jrers agree to coat in o n . It 
may alao end when one of the player has exhausted his aoasgr. Othazwiaa 
the two plafsrs count their noney. The one with larger aiM la the winner. 

Xn the ah-ove game tha anount ia calculated as followe: 

Find the figure in the table which lisa In the row needed tha oiwbor 
ahown on the die T and the colunn headed Igr the number on tha dl« B. ^ 

Thia figure ia then multiplied Igr X to calculate the aoosmt retxulred 
under the firet poeoibllity. To calculate the intereot re^juirod the 
case of aecond poeeibility we firet compute the naount as in the onse 
of first poesibility and then eubetract z fron It. 

Savdral variations of thle gsoe oan be thought of 'by changing the tahla 
and modifying the playing rules, if naceaeaiy. 




AK ACTiyiTT^UW-KFCRy^ffTC^Al/ APPROACH TC Gr^'KnsT 


- A5I*A RANJ SmCAL 

H}£yt.T nr 

ME-?arr. 

Odco upon a 'thRf'e wils • phlloisopJ;#*" ni>ei»d Platfi wfco HaA 

H 

on th« doom of hi® Acade^: no one igpornai of Ci»anntfy enter 

herot’* Perhaps jrou ar« t«nderine what did a philoBop har hav® to do 
with Retxaetrj l Wall, Plato waa a 0r«^ philosopher who lived arxjund , 
300 B. C. At that tine, anything that involved a de«Tp thinking process, 
fell to the lot of pilosophcfn C Ihlpkera ^. Thua all the fin^ arte, 
science, aatronoaqr and aatheaatlcs were studied hy the philo«»o&he a aad 
there was no separate category of aeo known as the iBat>-*maticiarts . This 
riddle solved, are you wandering as to wt^ Plato contiJered Geometry 
to he so isrportant that ha did not want to eet eyes on anybody who had 
no Jmcwledge of this discipline? Wow Plato, and other OreeJt phlloBophere 
before and after hla tine, had aoae very solid reasons of their own to 
atudy Geoatntry. To understand their adtlvatlon and desire to study thl» 
subject we shall step hack about 2000 year* in ttae. 

Two thousand years h'-fore the Creek philoeophem like Plato Igyptlane 
and Bahyloniana knew several basic concepts about georaetry and wade 
practical use of the sause. f^gyptiac® used the subject oainly for the 
purpose of ■'easurlng the land and calculating the tan-s there froa. In 
fact, the word geoaetry la coeipoaed of and metnr where •geo* seans 

Earth and ’setry* relates to neaaurlng. Thoa the literal seajstpg of the 
word geasetry is land - ■eaaureeaent . f-arptlBce laed gvjeretric concepta 
in building their fnsou® pyranida and things like that too. Babylonians 
made use of geometry basically in the study of astronomy. These ancleat 
people seen to have used geometry on the basis of e^erlmenta and testing 
without worrying aa to wtnr a certain method produces a certain result. 

Kor example, let ua conatder the way an Egyptian sight Have goc»« about 
building a right angle, fecial persona kjwwn aa Jiafla£^«m4liSC 
atretechers) were deployed to do the ^b< They had a rofio vdtloh wata k®o~ 
tted at diatances in the ratio 1 t 4 t 3 ••y (Figure 1). ttee k»ott«4 


95 





2it - 


iiA'-ii'. ©' yz ’z r .Ji: r~=~.“0’'0"-- 



poiDls A W»d B of th« rope woijld be held at t«o polnte ra that th« 
poi^i'so AB i« taut. A perssQ Mjuld then Bove In a direction ©oa^what 
perpendicular to AB till the pewtion BC la 



taut(Figure 2), Holding the knot C here, one then aovea toward® A till 
D and A coincide. The person at C makes the needed minor aodiflcatioi^ 
in the poeltion of C eo that both the portion® CA and CB are tight, 
producing a right angle at B. Bow, these people did not wociy why this 
produces a right angle. It produced a right angle and they ueed 

it. They had collected a large source of auch tricks which worked 
eatiafactorily. Just a® they aajr that the proof pf pudiing If in 
eating if, bo these ancient people preserved the rule* that work} 
fulatop! Powever, the Creeks had a certain way of thlnklr®. Before 
they used a rule, they would like to know why did it work. One reason 
for Buch an attitude appear® to be that contrary to the popular belief 
" Seeing la believing ". they had learnt o therwlae . Let us appreciate 
their dlftieulty by the following eiperiaen-*a. 

1. Bending Lines ! I>raw two parallel straight lines AB and FQ. In 
between these lines, take a point o(Fiffur« 3). Th.rough the point 0, 
draw a large ninber of lines in all directions, Ooodnegs met What 
nave you done to the lines AB and P(i? How did you manage to b#nf_ 
these lines around 07 Maighty, that Is what you arej 

•That is, if you can ,£*3. the pudding, then it is tberej you do not 
have to show by argument that the pudding exists. 
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II. etfua l b'jl Uiii»qua lt Look at flgvins 4 which of th« iin« aepinsts AB 
and Pq is longer? 



FiO.4 

* 

Look at figure 5< Which of AB and Pi} 1> longer? 



figure 5 

Look at Plg:ure 6. Which of AB and PQ la longer? 



Look at Figure 7. which of the regioa A and 0 haa bigger area? Now 
measure AB and PQ. la every InatarKe you would fiad that AB • P<1. Alao 
area A - area B. la seeing knowing the truth? 

f 

III Alvaya ^ prime; Consider n^ - a + 41+ Give to a the valaes 2* 

^ ^ ^ ^ ^ ^ prtjss So I If# ##1^ 

- n 4 * 4t a prim# number for *31 wsHiris 16m 1 ^ 4l» 






wo got 

n® - a ♦ 41 - 41^ - 4? 41 - 41* 

AIhb! The.o goeo down oar caM - fort! Upto n - a*~n + 41 
alKogre pro'iuceB a priiao but not aijy nor* aocoaoartljr. 

Such inatanoBs aa abovo led th« Oroeka by teakiJtnsBi to hollova a^thtn^ 
only when thf^- had provod It logically by fauitloa® aTjpJBonta oB th« 
naaiBiption of certain aolf—ovideoi truths and •up^.^attioas *ai*. Oso«atiy 
provided a very suitable laodel for their thinking. They assisted certala 
facts about points and line s and built a whole structure of results 
(thiwremB) on their basis. Their point had no diaenalon. In other 
It had neither l«ngth, breadth or height. Plot it please! Mow do not 
show ne a pencil dot. It had a length, a breadth ai>d also a height, no 
natter how aaall. Have another tty. Pold a piece of paper and preaa It to 
create a crease. Open the paper and as before fora another crease, not 
parallel to the first one please ! These two creases crass each other at a 
point ? Ob no! This too la not the point as defined iqr the Creeks t This 
too has a length, breadth etc. though leas than before! The point ay dear t» 
that their point la Inviaible . How can you see sdsethiog which has no 
dlnenaiona? So the dot la only a ahv ei csl, repre a eatatl^n of point and heirs 
in understanding the results about the point which greeks obtained. 

Sinllarly for_other gecaetiic concepts of the Oreeka ! However, the beauty 
of Greek geometry is that ^Aatevsr they discovered about their invisible 
or abstract points, lines, angles, triangles, quadrilaterala, circles, 
other plane gsometrle shapes, spharea,'cones, eyllndera, priwas and tdtat 
not, turns out to be true for all ordinary practical purposes about the 
physical rep re 8 etit at ions of points, lines, angles, etc. as we have ecns 
to look upon them. For this reason, the atudy of geometry becewes useful 
and lAportant to us also. 

There are other reasons too why w« should b« interested in geometry. All 
around ua wo find numerous g^aetrio objects — some natural, some naan-made. 
AnyWiaye, where there is a question of $hm« or Xaila I-" wlthta 
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the botmdArieo of gwsnstjiy. W&ture is full of gecaelrlc fonse. The 
study of undvereo itself needs atudying g^ecusetry. People first tbou^t ‘ 
that Earth is flat . But then why should we loea a ship out of our 
eight when we are ueing a powerful telaacope? So earth ie not flat, 
people thought It waa i^herical. Again thero wei^ piohlena. That led 
to the theoiy of a eorae-iduit pear-like Ehrth, The paths along which 
Earth and. other planeta Move, have heeji found to be geewatric ah^ss which 
Creeks had studied 2000 years ago as ajaaething abatract, Invlelhle, only 
in thoughtal At a tt»e, we tbou^t that the univet^e ia ”!ade >Jp of atoasa 
which are spherelcal in ahepe. This la no longer supposed to be true. 
Instead, other ahspes are being prepoaed. One popular view ia that the 
unlveraa la made up of endleaB gtrleurc( 1.e. loops). These loops keep 
on Bovlng, and thus oollldlng with others. This roeulta in breaking and 
fusing and foTnlng other etringa, and eo on. 

In the Ban-aade environment too, geo*3atry plays a great role. All arkMid 
us w« build objects la geometrlo shapes. Raise your eyee anl you would 
gbaerve goom*>ric shapes. The whole of architecture - the art of oon«~ 
tructiog buildings, bridges and so on le geometry out and out, Vo wonder 
architecturs is described as froaea geometry . Kot only today, we knew 
the art of building special etructures for different purpoeeo 30CX> year® 
Sulva-BUtraa describe aaty oonstructiona with the help of ropes, 
Astronoffly was also at its peak. Surra Sldhantg being the raoat fasftoua. Thun 
apart from being a training in logical thinklog<sa per Cre«*a) , geometiy 
is our cultural heritage too! 

Having appreciated the practical utility of geomesry, it would be fua to 
discover that gec«etty provides a veijT fertile land for having fun. I shall 
restrict myself to paper-folding even though there Is a lot »or* to the 
story. ToU already know bow to fold a line, and a poiat. 

Fbldlror a*Square ; Take en ordinary rectangular sheet ABCB «f pa!p#r(Plgure ») 
Pick up the end G and bring It to lie on ll<ngui^ 9). The edge DC Of the 
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Flguri^ to 


of’-the sheet b^sgraes CE now. Fold bark(ar snip off) the parts.'ju ABtC 
alon^ CE and Have th« conser C back to ita ori^nal po®ltio::^Fig. W). 

What we get ia a »qua'-«. Can yott justify thia aaw'Ttion? IiK identally* 
we also folded an isosceles right-angled tmargle. Which one? 

Can you pruve thia assert Ion? 

PolyRo na; K polygon is a Bany—aided closed figijrs fomed frots straight 
line segpentB so that ea*. h asgaent is joined to twa> offers at its 

a 

extreffllties and t» two of the® are collinear or cross each other* IhuB 
a triangle ia a three-aided polygon and a qimdrilateral is a foun-alded 
polygor^. A five-aided poly^sn la knaim aa a J 2 ,entjg 2 n(Figure 1^), a 
six-sided polygon la called hexagon . (Figure 17) i *“4 n aevan-slisd polygon 
goes bf Ahe name heptagon (Figure lS), Vhat do you thlidc are ws SSifcEiBi 
a nanogon and a decajgon ? i polygon la called leg ul .M if ii® Bide® 
and an^ea are equal. What la a J-slded regular poly^r'a? Wsat is the 
n «9 given.to a 4-aided regular polygon? We shall imw learn bow to 
fold a regular pentagon. 



r 


Folding 3 XSffidJJ » 


^ O 

Figu^ 17 Pifure 1ft 

Take a strip AMID of papor, ? t« 1 «. 


wide and 20 to 25 loa« (ngu« 1?(a). Without cr^pUs^ tha atrip, 
try to fora an ordinaty ktwjt ty bringing; dv«r th# right *%« Aft of 






PlJUM t5(fl) 


the atnp over the left edj* CD *B.il pwsalng it thp-j-^h the loop m 
foraieij(Plg\ir« igCh) ). Sotlce th&t the letters X art B wjuld »t 
really be vi«ibl« at this stage becai-ee they face tewanis Ih® «h*>a 
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fi2uj(.e M(J0 Fi^ueffi (fj 

the loop is fomed, Hos geatally pull out AB and Bfjathen out the fcaot 

(Figure 19(c) ), Cut off tha extra portions DEFX! and ACSCB aljcg 53* and CH 

• * 

respectively. Tou sjes now left »d.th a regular pentagon BUUF. Can yoa 
prove that the aldsa are ail‘e<iualT If you hold t5..a psatagon agaijiflt 
light, you aould oheerve a star Icnowa as the wyat tc peotaj<on . Thia w»« 
the eablea of the Society fotsed \ij Pythagonaa to pursue the study of 
oatheoatlca. Wathana is actually the Oreeir worl for Bcie pce. 




Tou con cut out the pentagrao as follows. Join JE, EH, HF, PO sod (M, 
Snip off the triangles on the sides of the pentagc(t(Pigur« 20). Tiy 

F 

figure 00 

folding a regular hexagon and octagon. 

The figures folded so far wor* all figures with wraens. tte shall i»« 
fold a TOOoth figortCnhape If you like l)^ 

no 



having 


comer*. 



— itBjs — 


Ji Tak® an ordlimry r«etsj4®\»l»r ?jf p«p«r. IHalf ‘ 

i*ay to the right, m. point P roa,^ily 3 cm ahov® th* hott®« eg* ®r tfe* 
■heet(r*igurtt 21 ). How pleOc the hotto® edg« »n4 fold it «!». 
so that it passes throu^ P. low press it to foroi a gfwsd cr®»s«{FigsT«i 
22), Open out and moothan. th« paper, Pold again at a d’fferf'at ar^la 
talcing car® to naka the hottora edge pass throuiih P agi-ia., Press to toeat 
a, crease. Open out and fold again at a different ars^*! *», Pre®* for a 






crease. Repeat the process about 23 times. Tou HouXd find that 
the creases shown dotted in figure 24 seoa to enclose a carved 

Ihia shape is known as a parabola. I^en 
you throw a cricket hall, it tracee a 
certain path In the air, llie path la 
actually a ps^ of soii>e parahols, Siaii~ 
larXjr, a hullet fired frosa a gun tr2»»-*«9 
portion of a parabola, in the air, PaLr^- 
hola is a very interesting curve. It is 
used in the search ll^ts. If we rotate the parahollc ehi^e la figure 
24 about a vertical line through P we shall get the surface *4 ah«*a 
». of the ehlning shape that house® the bulb 

in a search light. If we nove, this shape alweg^e keeping it parallel 
to its original poeition we alialX get the sarface of a refleetor uaeil 
in eun-ovens. 411 telescwpee use m parabollu rerXeetar, the vortical 
line throu^ P is known as the axAa 
of the parabola and P Is known, as 
the focus . When a ray of lii|ht parallel-v 
to the ajdo strikes the 
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p&r^baXfii, Lt la reflected twck OAd &lv(a^e Ihroui^ tlia focuK Pa 

TTius a lot of light 1 b oollactod at p aad laaksa ajny ahjmat placad 
there hettor vialble, Oalng thin prloclpla «. Greek watiMwati©!ea 
Archla^edcs around 250 BC »«Ba able to bum tfe« eniwgr «hip® oteadioig 
In the eea. 

Threadin/e _g peJabola t Another Interesting way to obtnln & parsthola 
in through llnea or threeilB. Take a plecs of paper and draw aa a'*ita 
angle BOA vi th OA * OB. Mark fifteen point® on each am at <esiu*l 
intervals (Figure 25(a) )« Kt^ber 
than as shown. Hotice that the 

nimbera e?* oa increasing along ^ 

OA but decr-aoe along OB, 

Sow join the polnta which have 
been ninsbered alike saeana of 
atraight line segaenta. There 

0 

our friend parabola, sitting ao 
neat and anug itulde the angle BOA, PigUJre 25( a) 

Before proceeding further, make a parabola in angles ®ea®JU.ng 50* 

45°, 60 °, $ 0 ° and 120°. MhJ%t do you notice? As you increase the an^e, 
how does the shape of the parabola chang-? Bow raake the deeigne giv*n 
In figurerf 25(b), 25<u), 25(<l) 25<«)* 




soC^) 
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»*k***^'~- • Tijud^ 

ia t«n«, th« of tha t« ^»va U0«iu«l »ot« 

: ;«W of pointo on aahh Ex^ tl^ th. — S Tbin 

ta, th« diatanca th. point® on ono n* dlffnrant trm 

. otbT. BUt point, on tb« .m nr« to b* cto«« .t «l«l l«t. 

4 you lllcft your 

ni m Bhi9tm in tha diagram* 
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Tou can maka the au, .bine too. Tak. « a«bar of point, on . circle* 
at equal dleiancea. for thle w. Uk. the tip. of mdll at equal 
anglea. Hero, the angla betwjen t»«j com cutiwe r« ,11 t» I 5 ®. Sswhor 
the pointa 1 to 24 once. Then atart nuaherlne 1 to 24 oisee bot 



The point, A^, lie on . circle at equal interval., Tb. cirf-l. 

ia not ahown. Sleilarljr, the B polnte lie on a concentric crlele. 

Make the onter oix parabolaa la the an^e. at A^i Aj,.,,..A^ ia orange 
linea, Make the .1* parabola, in the anglea At 9| 1 ... 1® ■• 

different colour, aay green. 

Think of your ova de.lgn.. Soae of you Bay lii« ia <*« thw-e dealgna 
on atirf paper(or card ehaet/chart paper), vith a needle anA coloured 
thread. In case you do, «aik the point. &a befora. But now prick a V^e 
at the mark, with the help of a needle. Start o« the lower .id. of the 
card, coning up at point 1 on OA. Oo down at pain* 1 on CSk <»»•* «p 
at 2 on OB and go down at 2 on OA, Cone up at ) on and g. <towtt at 
3 on OB; Ckj on like thia tiW, all the aarfc* aasra «»ver«4. 0 
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cooif up at tb« vei~tex of tb« azL^e and ^ over one arra^ ComtB at 
the vertex again, and go over the other ana. Tape the end of the 
thr«ad( and also the haginaing) with scotch tape or qu.ckJfix etc. Ton 
can jrou. use threads in Various colours. The cards thus prepared can 
he liaed to decorate your rooea or clasoroon. Tou can also prepare gr*®tli»g 
carda. 

When one uses threads for siaicing designs in this manner, th@ art 1® 
known, as curve stitching or math c ritical eohroldery . Have you noticed 
designs in mathenatical euBhroidery hetng sold In the laatket. 


We shall t»w go hack to our paper folding activity and see bow w« fold 
certain surfaces. 


This »«ould involve some pasting also. 

r' 


a' 


Figure 25 


Pol ditig a Cvlinder i The shnplest of all 
ia a cylindrical tuha. For this we need 
only a rectangular eh "at AB B* A' of 
paperCPigure 26). To fold a cylinder, 
you paste the edges AB and A'B^ with 
A going to A* and B going to B*. As 
a matter of fact, you have to overlap 
the sheet, the shaded portion going 
over the edge A*B* and then under 
the sheet, Itoat would be tha height 
of this cylinder ahown in Figure 27? 

What would nearly h« the olrcua»~* 
ferenc© of its rim? What would he 
approximately the dlataeter of Ita 
circular end. 

Tou can perform rathar an Intereatlng experiweot with this tvih*. IT 
not in open or near the wtndoi, ataw^or ait) near a wall, imm y«w 
left h#aid in front of your aye®, pal® @p«^a»d i® 'froiii of tM' 'V** ' 
at a dlataae® of about 10 t« 15 «»: ^ ^ 
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vith diaaetor roiaghly tho lenffth of your *yo, the tuh® in froot ®r 

your right eye, touching" it or nearly eo and plara the left Jvwii t@ucfelts|; 
the tube.. Ke_^ txjth eyee onea and lock far away or at oppoeite wall. 

K.d eofflcthing happen? Oh no I A hole right through your pal* t m 
pain I Slide the hand a little hit thie wsy and that alorg the tuhf 1® 
the hole changing poeition on the palB? Doirft aak b« why this happeii#. 

Folding a cube ; a cube haa oix equare facea. Cut out frua a piece of 
card sheet or stiff paper a piece as abown in figure 26. Fold the sheet 
along the dotted lines one by one and 
preoB for a crease, Kow raise the faces I, 

II, III and IV along the ci"<Laea of the 
base to a '.irtical poaition, 'Ibis ahould 
give you a hollow box-type thing with one face 
higher than the rest. Fold the protruding 
top face along the crease and aanage 
it into a horliontal position parallel 
to the hsjse. Ibe flape are to be uaod 
for overlapping and pasting. Once pasted, your cubs la ready. lou ran 
paint it if you like. Tou can uee it as a claendar for six isonthe ly 
writing (or posting a piece fro® a calendar) the days and dates etc. Tou 
can write important reeulta on the faces and keep it at a place »*er« 
you would be- looking frequently. 

Folding ^ tetrahed.rotn A tetrahedron is a pyrsmid-llke aurface made ig> 

of four equilateral triangular face® hawing six edg-a and four vertices 

(figure 29 )# Tou can uee the ne* in figure 30 to fold. Dotted Itnea 

are for creases and flaps for pasting are not shown, hake pr©wi«i*a for 
1 

tho» 7 oura«lf* jlctually flafw «r« not needwl If yaa 

cello It 1« mmh V» mm 

tHsaa ta »lfcp life® 
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Can you a tetrahadron out of elx Bate Atlcka? Rw 3 *ss|j»r it h»« iris 

adgool 


Fold!OK an Octahadron ; An octahedron can b« obtained by ei^t eijutlateral 
triasj^as, four triangleB fo»lng a pypasald on a B!j-ua.re AECB abovi* t5» 
aqxmre, and the rraaainlng four trlanglee forair^ a si illar pyrisalti b»l->w 
the Bquare(Figure 31). It hoo six vertices A, B, C, D, P ani Q. ftew 




Figure 31 


Figure 32 ~ 

edges does it have? Row waiv faces does it hav--? Figure 32 ahowa a net 
for folding it. As before, dotted lines are to be creai>-d and far*® fold* i 
around these to the required poaition. ‘Flops for etirVing ar« not ahotaa. 

It ia not aecaaaary to have flaps on both oiieo, Tou can hava a flap 
on one face, gum thio flop and push it under the oth*r of the twi fare® 
to be joined and sticic. 

Folding a dodicahedron i Have you seen a dodecahedral ca?,*BJar? I guesa 
not ! Row faces does it have'if it can be us*d as a calen.iart Obvi¬ 

ously, twelves A dodoCAhedron has twelve peatag--u»l faces all congruent to 
each other. At each vertex three faces meet. Tiy to calculate ibe n^ber 
of edges. Remember when you join two faces at an e.ige, th-y proiuce on® 
edge of the dodecahedron we are folding. A dod-caheir n and the required 
net are shown in figures 33 nnd 34 respectively.- 






- - 


Foldinj? am icoaahi-irort ; Thei's la another surfac® known m 
which corapletea a fwily conalatiivg of Cube, tetraheisruj, octaJsedreB &ttA 
dodecahedxnn» It is nada of twenty equilatsnal tri@ASl«*t flf* tri4<E^eB 
meetlns at each vertex. Count the niaabar of vertlcaa and tb« eJi^« 

and net for It are given in figurea i5 and d6 re'spectlvely. 



because we were concerned with the aurfacea only, three bodiea encloae wl^iaa 
and hence oay be thought of aa solids . Taken together the five ,bov»- 
taontioned bodice are known aa the platonlg JKlli5!?U. iwliiB 

which can be made froa regular polygene. Keoca they are also known au> r«gn~ 
Iblt polyhedra. The Gredts dleoovered the <to4«rah»(lr’->n and the icoaaJsedro®. 
The other three had been known to the Egyp'^ia®®* 

I have decionotrated how you can fold eoese gsoaetrlc plane figure* and »olld». 
There ia a l^t you can ’do In thin area q which I have not m-ationed. Tiy 
to find out what ie origg ay. With thlo tank In hand I nmy good V« 
and hope and believe that you would ha^ lot. and lota of fun in the d^e 
to come, not by paper foldipg alotid, but tgr learning the dlfferrat typee 
of geometry and by knowing bow they have contributed to the dev«lop»«»t 
and growth of the ocienfle thought. 
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?CBim PROBLgg FOR MAHIEMATIC^.LY ntFTrn) PUFTLS 


SUajA KIMIRI 
D E S & 1, NCEKT, 
am DELHI- 11 CX) 16 . 


For a long time, there has been general interest ©mong reBearche:*s, 
curriculum designers :ind practising teachers in the area of 
prob2 cn-solving in Mathematics curriculum, Hiis area gamed noTOUtuB 
after the recommendations of the NOTH ] in »An igunda for Action*. 
Biere is voluminous literature on various aspects of problcnv-solving 
but little attention has been paid to problem—potii^which is as 
vital as solving it. Herein, we consider some important oi^pects 
of problem-posing for raathematicallj gifted students. 


■me word problem, in general as stated hy Polya ^2] i 10 situation 

in which a person searches consciously for come appropriate action 
to attain the clearly but not easily attainable aira. “To eolv® the 
problem means to find such an action*. Put one uewally encounters 
different degree of difficulties to find out such an action and the 
problems are accordingly categorisalas easy or difficult. In other 
words, some degree of difficulty belongs to the very notion of the 

problem. 

In mathematics a problem is posed to reiitforce the underetaniing of » 
concept or to use a skill leaded earlier by presenting a eiUntim 
that embodies that concept or skill. Ibe problem posing tor m^»ti 
cally gifted students needs special attention as it is ^ 

present a situation ^oh Invoke ibein jmtbeiiatlcal 





2 * * —r 


and imagination. Routine type proMems generally leal to diointtr^st 
and dissatisfaction in the gifted pupils. Herej w shall try to 
develop such prohlems which help them to generate thinking potentlali 
special ability and the roacamum involvenont on the part of the pupil 
and the rniniraum by the direction of tlie teacher. Following K,nitetidc.it 
1^3^ model, the problems can be posed in the following categories: 

I• Gradual Transformation fro m Concrete Dituation to Abstract 

Todai', more than ever before in the histuiy of hiffixung beingtthe 
of mathematics in the affaurs of everyuay living is ns -ogniced. 

So the problems posed with concrete data,_ specially frotr, childrer*® 
immediate environment, help to reinforce the basic concepts of mathe¬ 
matics leamt in the classroom. For example, IVie length of a classrcom 
IS I0m, Its breadth is 1 2m and its height is 3m. «.at is the volume 
of 2 such rooms? 

Such problems posed with concrete data, can ear.ily be trancfoirred into 
abstract situation - the length of room is |m, its breadth is 
height is h m. What is the volume of n such rooms? 

This way the gifted students can be trained to express relations 
between quantities m a generalised abstract form. 


II. PupiI^s Perception of Mathemajii calJPtSM:15’ 

Here ihe re sUted neither dirertly nnr reiiroeUj Int th. 

student re adted to coi^lete en l»oons.letUjr .toted prohlMt. »• 
etudent «ho piolre up quioUy to the loetc of the Wo rel.tlon. 
dependenote. given in the proU.«. Wd h. ntl. ti, conrleto the nt,*.- 
r.ent of the <pi.nUon »id .Mch reveoln 


- ! ' 




of the mathematical prohlemi For example: 

1* Anita hoa^it 211 notehook.8 at one ahop and 4*5 times aa Euiny 
at another. (How many notebooks did she iKiy all together). 

2» Oil a- strai^t line a point id given fnn .diich 2 rayg are 

constmeted on the same Bide of the line. Tlse n.eaBure of one. 
of the angles is given and the Bice of another is half tl^e 
first angle. (Detenrane the sice of the third Single). 

Tlie statement given in the parenthesis are to be completed by the 
pupil. 

Ill. Problems with Verbal and Visual Foir'ulation ; 

Recapitulation is important for any learning pr'cecc. PI^'>blc-In@ rtan- 
foroing this skill substantiate better uudcrotanding of the cone opto 
learnt in the classroom. For example, a problt-ra like ‘In the algebraic 
ex]'ression given below what are the exponents of each of the literale? 

Tlien asking for an appropriate definition of an algebx’aic expression 
and its degree 

2a^; b^; -3x^^; 7xy^; i'mm; c; C/4 help to verbalise the idea of an 

algebraic expression. 

If a problem is posed throu^ pictorial or concrete mcanp, pupili have 
an opportunity to use their ingenuity to perform gn^'.retric truinsjioT&atiofts 
of the objects or to viaialise a physical representsiioa of a probleia. 

For an exanple, tdetennine the validity of the stateaeat that a 

cular from a given point to a given line is shorter tfew mt^ other alsartiag 

line segffteht frba that point to the line** 

112 




^ j: 4 Js - 



Such problems provade correlation between verbally expressed con'-epts 
and the graph. 

IV. Composition of Ejuation ; 

Problems like 'A teacher told a student that she had added i2 to a given 
number and divided the result by 13» But the student was not paying close 
attention and substracted 13 from the given nurber and divided the recult 
by 12. He gave the correct answer. What is the given number? help to 
generalise a definite method of ireasoning. Koreoverj such problem^ will 
develop pupils' habit of composing equations as well as definite general 
principle of approach to the solution of such mathematical prohlcap. 

V. Problems related to Special Concepts ; 

Problems involving the idea of special concept both in two dir.erusions and 
in three (inspace) will widen the imagination power of the gifted Etudentp. 
For example; Through a point outside a plane, how many stmi^t lines car 
be drawn parallel to the.plane? What solid is obtained hsr rotating a ngi.t 
trian^e about an axis parallel to one of its legs? 


VI. Problerrs on Compreheneion ^nd_^5^vj;-_ 


In this oategoiy the problemB posed should reveal retention,, reprudurtlea 
and BWDoriaingr <5f mathematical material. For exasfjle: 
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Find the smalleet number that gives a remainder 1 when divided by 
3, a remainder of 2 vftien divided by 4| a remainder of 3 when divided 
by 5 an<i remainder of 4 when dfevided by 6. 


The ability to solve such problems are a good indicator of the 
presence of mathematical abilities and logical reasoning power of 
the pupil. 

VII. Problems on Proof : 

The essential quality of mathematics which binds it together in a 
coherent way is the use of mathematical proof to deduce new results 
from known ones thus building up a strong and consistent theoiy. In 
writing a mathematical proof one needs a sense of judgement as to how 
much detail is really appropriate to the given task and what miat be 
left out. Pupils are trained to acquire this skill thrcm^ problenw- 
solving situations. Ihe problems like ‘prove that the bisectors of 
the base angles of an isosceles triangle are equal’ reinforce this 
skill in pupil. 

VIII. Problems with several sdutions : 

Here such problems are posed which can be solved in different ways. 

Bie student has to find on his/uer own the maximm mmber of method* 
of solving the problem. For example| 

In how many ways can Rb. 70 be paid if the money is in Rs-S la.iO 
notes only. 

Prove in different .aye thit only ““ peipendioalw o«n S. topped fl*. 
a point outside a sW^t line{t«o Bethoda). Said. typ. nf • 




are extremely useful as they inculcate the habit of creative ti.inVa%: 
and applications of the concepts learnt. 

IX. *What if not* Methodj 


Lastly, we sliall try to pose prCbleme on *what if not* technique 
developed some years ago ly Hanson . Tiie tecbiuiciue ic to I 'fntify 

the attrihuted of a theorem, prohlem or puzzle and negate then cue at 
a time. Each negation modified the original prohlem and offers; the 
potential for generating new problems. For exaJiple, we coneider trie 
famous 1089 puzzle. Here we take a three digit number in the lace 
ten such that digit at one's place is at least 2 more than at the 
hundred's place. Foiro a second mmiber hy interchanging the cigits 
at one's and hundred’s place. Find their difference. Interchange 
the digits in hundred's place and one's place again. Then acd the 
numbers so formed. We see that the number is 10&9» 


For example: 

( 2 ) 


604 

198 

406 

+ 891 

198 

1089 

833 

495 

338 

+ 594 

'495 

1089 

the cases 

the resulting number 




To apply the technisiue we first identify the attn'tatea of the proM.* 
step hy step and then ^Ive it, The second stapi.of the tectoiitt* 
to negate attributes of the prohLe® one at a ti», mi tbek based mt 
euoh negation attee^pt to generate new sdiutloiw. , 
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Iiastly, we feel that xf problems are posed under above n&pd 
categorieSj the gifted etudents vri.ll definitely find matheniatiri: 
interesting and application oriented subaect and will help tliem to 
generate thinking potential at the school stage. 
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SAtCPLE PR0BL5MS FOR TIPPER PRBTBY TEACHERS 


Surja Kuttftri 

D.E.S.K, 

N.C,E.R,T, 


1 , Inscribed in a square with side a is another Square, vAose 
vertices lie on the aides of the fonr.er. Deterniine the 
segments into which the sides of the first square £ire 
divided by the vertices of the second squw’e, if tl)e area 
of the latter is equal to 25/49 of that of the foivier. 

2, A triangle ABC is divided into three equal figure's by 

straight lines which are parallel to the didc- Cvcpote 

the parts into which the side AB, equal to o is divided 
hy the parallel lines. 

3, Given inside a circle, whose radius is equau. to 13 or, is 
a point K 5 cm distant from the centre of the circle. A 
chord AB=25 cm is drawn through ne point K, Find ti.e i^nyli. 
of the segments into which the chord A3 is divided by tne 
point M. 

4, In a right-angled triangle a aemicircle is inscribed so 

that its diameter lies on the hypotenuse and its centre divides 

the latter into two seffnents equal to 15 cm and 20 cx. 

Deteimine the length of the arc of the semicircle between 

the points at which the legs touch the semicircle. 

« 

5, Find the weight of an artillery round,knowing that the 

charge weighs 0.3 kg, the wilght of the projectile le eiuel 
to 2/1 of the total wei^t of rmxA, and the weight 

of the shell ie l/4 of the weight of the round. 
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A dog at the point A goes in pursuit of a fox 30 aetreB awaj. 

The dog makes 2m and the fox, 1 m long leaps. If the dog makes 
two heaps to the fox*s three, at what distance fran A will the 
dog catch up with the fox. 

Two bodies moving along the circumference of a circle in the 
same direction come together every 36 minutes. If they were 
moving with the same speeds as before, but i.n opposite directions, 
they would meet every 8 minutes. Also, when moving in opposite 
directions, the distance (along the cirjumference) between the 
approaching bodies decrease from 40 metres to 26 mietres in 
24 seconds. Wliat is the speed of each body in metres per 
minute(_ and how lo.ig is the c ire inference. 

Is it possible for a farmer to plant ten trees so that there 
are five row's of four trees. 

A man entered an orchard through 7 gates and picked some apples. 
When he left, he gave the first gaurd half his apples and 
1 apple mbre. To the second gaurd he gave half hia remaining 
apples and i more. He did the same to each of the remaining five 
guai'ds and left the orchard with 1 apple. How many apples did 
he gather in all. 

A 250 metre long oil tanker is cruising at 20 Kin/hour. A aaall 
power boat travelling at constant speed takes one minute to go 
around the tanker, starting and finishing at the blip's stem. 
Plnd the power boat's speed. Ignore the width of the tai&^er. 

Show that the product of five consecutive positive integers 
cannot be a sq^^uare of an integer. 
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12. 7QE3 is a quadrilateral of area A. 0 is a pcant fnside I'lSFiS. 
Prove that if 2 A=OP^+Oq^+OR^+OS^, theii PqRS is a square and 0 
is its centre, 

13 . The binary expression for a certain multiple of 17 contauu the 
digit "1" exactly three times. 

Prove that it contains the digit "0" at least six times n,,i 
that if it contains the digit ‘G" exactly seven tiros, tier 
it IS even. 

14. ABO IS a triangle. The interr.al bisector uf the a’'i£le A 
meets the circumcircle again at P. Q a-ud R are eimilaily 
defined with B and C respectively* 

Show that 

AP+BQ+CR ABi-BC+CA. 

15. Find two digit numbers having tl.e following pr.>perty: ii we 
adjoin zero followed by the scalier number on the right of the 
larger one, and adjoin the larger icjuber followed by zero on 
the right of the smaller one, then of the two five-digit 
numbers thus obtained the first nun.ber divided by the second 
yields a quotient of 2 arid a remainder of 590. It is also 

■ known that the sum of the two-fold larger desired nuaber and 
the three-fold smaller desired number is equal to 12 . 

a 

16. Two internal combiistion engines of the oaxr.e''pw.er output were 

subjected to an efficiency test and it was four.fl that one of 
them consuffled 600 gra^- of petrol, #ille the other, wsa 

in operation 2 hours lees, ooacwed 304 • If first 

engine had conmiaed as much petrol per hour aa tfet mcmd, 




and the second, as much as the first, tiien 130111 
would have consumed equal amount of petrol durinij the cajr.e 
period of operation as before. How much petrol does ea ii 
engine consume per hour'’ 

17. A sports ground has the shape of a rectangle with cidea of a 
and b metres. It is bordered by a running - track wIa"- e outer 
run is also a rectangle whose sides are parallel to a:.i 
equally spaced from the sides of the ground. The m'ea of ti.o 
track IS equal to that of the ground. Find the width o1 t},e 
track. 

18 . Ms. Farida puts money in a savings bank and one year later 
earns an interest of 15 rupees. Having added another 
rupees she deposits the money for another year. After the 
expiry of this period the sum-total of tlie principal ai.d its 
interest is 420 rupees. What sum of money was uiugmaily 
deposited and what interest does the savings hank 

l9- The base of a triangle is divided by the altitude into two 
parts equal to 36 cm aril i4 cm. A straight line drawn 
perpendicular to the base divides the area of the given 
triangle into two equal parts. Into what pai-ts is the 
base of the triangle divided by this line? 

20. In an isosceles triangle the length of the side 1*1 equal 
to a and the length of the line-Begment, drawn frm the 
vertex of the triangle to its base ai^ aivldlne, me vertex 
angle in the ratio it2 la t. Find th© area’of the triaungie. 
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A bear, storting frcm the point P, walked i Iddr due south. 

Then he changed direction and walked one kns due east. Then 
he turned again to the left and walked 1 km due north, and 
arrived exactly at the point P he started frcxu. What was the 
colour of the hear. 

22 . Ramlal wants a piece of land, exactly level, winch lias 

fo-ur boundary lines. Two boundary lines run exactly north-s'-uln, 
the two others exactly east-west, and each boundarj line 
measures exactly lOO metre. Can Bamlal bu^’ such a piece of 
land in India'’ 

23. Kasim has i0 p.ockets and 44 oxie rupee coins. He wants to put 
his coins so distributed that each pocket contains a different 
number of coins. Can be do so*? 

24. To number the pages of a bulky voIujib, the printer urcl 
2989 digits. How many pages has the volime’’ 

25. Anong Grand fathers papers a bill was found: 

72 hens Rs. ~ 67.9 - 

The first and last digit of the number that obviously 
represented the total price of those hens were replaced by 
blanks, for they have faded and are now illegil'e. 

What are the two faded digits and what was the price of on® hen? 

26. Given a regular ^lexagon arid a point in its plar*©. l?rm a 
etrat#it line through the given point that divides the given 
hexagon into two parts of equal area. 
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21, The vertex of a pyramid opposite the haee is called the 

apex, (a) Eet us call a pyramid 'isosceles' if its apex is 
at the same distance from all vertices of the base. Aiopti:^' 
this definition, show that the base of an isosceles pyramid 
IS inscribed m a circle the centre of which is the foot 
of the pyramid's altitude. 

28. The length of the perinieter of a right triangle is 60 

inches and length of the altitude perpendicular to the h;,pi,'ten'n e 
IS 12 inches. Find the sides. 

29. Consider the table 

1 = 1 


3+5 

= 8 

7+9+11 

* 27 

13+15+17+19 

= 64 

21 + 23+25+27+29 

= 125 


Guess the general law suggested by these examples express 
it in suitable mathematical .lotation and verify it. 

The side of a regular hexagon ie of le.igth n (n is ai i.iterer). 

By equidistant parallels to its aides the hexago.i is divided 

1 ito T equilateral tria.'igles each of which has ndee of Ungth i. 

Let V denote the number of vertices appeari.ig: iii this dlvinion, 

and L the number of bou.idary lines of length’t. When n®i fiad 

T V and L. Next consider the general case aol express T,V aasi 
% 

L in teiMs.rof n. 
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